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Abstract

A concept of a numerical rating for turbulence penetration perfor-
mance is suggested which goes beyond exclusive consideration of structural
loads. This performance rating is taken as the combined probability, at any
instant of time, that the state vector defining the aircraft's perturbation
behavior will lie in an undesirable region as defined by a constraint
envelope representing the multiple hazards surrounding the trim point.

An investigation and evaluation of an elementary form of the general
concept is made, with the constraints being limited to those which may be drawn
in a two-dimensional space defined by angle-of-attack and airspeed excursions.
The constraints are buffet, positive and negative load factor, minimum control
speed, maximum dynamic pressure, and maximum Mach number.,

The effort is confined to the class of large subsonic jet transports
in cruise configuration; and, while limited to longitudinal rigid body motion,
includes all three basic aircraft degrees of freedom as well as closed loop
elevator and throttle control. Conventional power spectral density techniques
are employed to consider the combined effects of uncorrelated vertical and
head-on isotropic turbulence.

As presently formulated, the criterion rating is found to be most
sensitive to such gross parameters as wing loading, altitude, and trim speed;
and to be relatively insensitive to considerable variation in aircraft size.
It is demonstrated that the criterion rating concept has potential utility as
a rational basis for the selection of turbulence penetration speeds, and in
estimating the influence of various longitudinal control schemes.
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Introduction

This report covers a research effort relating to the development and
analysis of a procedure for quantitatively evaluating the behavior of an air-
craft when encountering atmospheric turbulence. This research is predicated on
a general performance concept that goes beyond the traditional focus on
structural loads. The procedure developed is a simplified replica of this
general concept, and draws upon the current state of the art in analysis tech-
niques and computational hardware. In this particular case, the analysis
efforts were limited to large transport aircraft in the cruising flight regime.
It is believed that the search for a meaningful performance concept for flight
in turbulence is justified by certain historical trends and recent events.

The interest in airplane behavior in turbulence extends back to
aviation's earliest days. The studies by Hunsaker(!) and Wilson(z), published
in 1915, were among the first works in this area. These studies were broad in
nature, and examined the general behavior of aircraft in gusts. The interest
in this subject lapsed, and was not renewed again for nearly 15 years. The
renewed interest was stimulated by the growing emphasis in the United States
in the late 1920's and early 1930's on developing efficient transport air-
craft, From that period on, almost without exception, research and develop-
ment work relating to turbulence was directed at the determination of gust
loads and structural design criteria.

The prediction of gust-induced loads posed a requirement to estimate
the maximum expected gust veloci%g The pioneering efforts in this area were
performed by Rhode and Lundquist ) of NACA in 1931, The structural design
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criteria in use today are still largely predicated on their basic concepts.
The most recent modifications to their procedure involve the computation
of "derived equivalent gust velocity", as defined by Pratt and Walker(4),
and reported in 1954,

As aircraft became larger and more flexible, the "discrete-gust
concept" came under serious question. However, advances in generalized
harmonic analysis and random process theory opened the way to the use of
power spectral density techniques to describe the stochastic nature of
atmospheric turbulence and, therefore, turbulence-induced loads. The work
of Press, Meadows, and Hadlock(3) in this field, reported in 1956, was
classic. In subsequent years, substantial progress has been made in develop-
ing an advanced methodology for determining the gust-induced flight-loads
environment.

Events of the early 1960's sharply emphasized the need for a reas-
sessment of aircraft behavior in turbulence. Several serious incidents and
accidents involving both civil and military jet transports were experienced
during flight through turbulence. An element common to all of these was an
apparent loss of control followed by recovery attempts with varying degrees of
success. The phrase "jet-upset' was commonly applied to these cases. At the
operational level, efforts by such people as Soderlind(6) of Northwest Airlines
focused much-needed attention on such factors as pilot cues in turbulence,
flight instrument limitations, pilot control techniques, flight control
effectiveness at high speeds, turbulence-penetration speeds, and pilot
physiological limitations. Together, industry and govermment rapidly
responded with corrective measures. These included revised penetration
speeds, pilot seat restraints, improved attitude instrumentation, control
system modifications, and recommended piloting procedures. In_ the way of a
more comprehensive response, several research programs 7,8,9,10,11) involving
in-flight and simulation work were initiated. The success of these collective
efforts is indicated by the decrease in such incidents in the last few years.

By exercising hindsight, the historical events discussed above sug-
gested some pertinent needs for the design and operation of future aircraft.
First, and most obvious, was the need to identify and comprehend the various
aircraft-behavior phenomena in turbulence which are either undesirable or
hazardous. Not so obvious, but possibly of greater importance, was the need
for a quantitative approach for assessing the combined effect of these phe-
nomena as functions of aircraft characteristics, flight condition, and the
control criteria employed. An obvious benefit involves improved flight safety.
A secondary benefit is that of providing a tool which might help in bridging
the gap between the research and operational segments of the aviation community.
It was towards these ends that this research program was conducted.



Quantitative Performance Concept

In planning this research program, it was recognized that any general
performance concept for flight through turbulence should ideally embrace all
of the real-world factors involved. To begin with, the concept should take
cognizance of the stochastic nature of the turbulence environment and the
nonlinear characteristics of the aircraft upon which it acts. It should be
sensitive to the important effects of aircraft characteristics, flight condi-
tion, and closed-loop control schemes on airplane behavior. Further, it
should properly account for the true nature of threats and hazards. The air-
craft's response exists in a multi-dimensional space defined by many state
variables. Certain regions in this state space, if encountered, lead to
irreversible catastrophic consequences (e.g., exceeding airframe ultimate
strength). 1In other regions, potential hazards exist. That is, reversible
catastrophic trends may develop. The threat here is probabalistic in that
the consequences depend on how quickly and effectively the situation is dealt
with (e.g., stall followed by dive). Any quantitative measure of performance
should logically deal with the overall likelihood of undesirable and/or
hazardous events occurring.

The performance concept described above is quite rigorous. It was
recognized that much of the knowledge required to develop this concept is not
currently available, On the other hand, there is a substantial pool of knowl-
edge which has never been assimilated iu this direction. Further, analysis
techniques and computational hardware advancements in this past decade represent
strong tools which have not yet been applied to their full capacity. With these
resources available, it appeared both practical and timely that an initial step

be made in the direction of developing a general performance concept for flight
in turbulence.

The objective of this research program was to develop and exercise a
simplified version of the general concept described above. The related purposes
were to demonstrate the possible applicability of the concept and point the way
towards needed refinements and/or extensions. The following guidelines were set
forth with respect to this endeavor.

(1) Aircraft and Control System - The analysis would be limited
to the vehicle's longitudinal dynamics, with the vehicle
represented as a rigid, linear element. Its aerodynamic
characteristics would be roughly consistent with the non-
dimensionalized characteristics of a first-generation jet
transport. Variations would be allowed in such factors
as aircraft physical size, wing loading, trim flight con-
dition, and control feedback parameters used.

(2) Turbulence Environment - The turbulence environment would
be depicted by either of two power spectra. Combined
vertical and head-on gusts of an isotropic and uncorrelated
nature would be used.




(3) Turbulence-Penetration Constraints - Lacking better defini-
tions, the situations to be avoided in flight through
turbulence would be represented by constraint surfaces
for such factors as buffet, positive and negative load
factors, minimum control speed, and maximum dynamic
pressure. These particular constraints would be
described in the two-dimensional state space defined by
angle of attack and velocity, and all matters dealing
with aircraft response and performance would be con-
sidered in that space.

(4) Turbulence-Penetration Performance - The constraints
mentioned above would, in the angle-of-attack/velocity
state space, yield a closed constraint envelope. The
performance criteria for judging flight through turbu-
lence would relate to the likelihood of passing outside
this envelope.

In addition to using the simplified procedure to analyze performance variations
as functions of the many variables involved, attempts would be made to identify
parameters against which performance would uniquely correlate.

Procedural Model Development

Figure 1 depicts the important elements of the procedural model which
was developed to investigate the turbulence performance concept. It illustrates
that the aircraft's response is a function both of the dynamics of the aircraft
and control system, and the nature of the turbulence environment. In turn, the
response together with the constraints and performance criteria determine the
performance in turbulence. Using the guidelines described earlier, it was
necessary to develop the necessary analytical models and computational programs
for evaluating the procedure. These are described in the remainder of this
report section,

Analvtical Models

The detailed description of the development of analytical models is
given in the Appendices to this report. They are described only to a limited
depth here.
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FIGURE |. ELEMENTS OF A PROCEDURAL MODEL RELATING TO A
TURBULENCE PERFORMANCE CONCEPT.

Aircraft and Control System
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System

As described in Appendix A, standard techniques were used to derive
the equations describing the aircraft and control system dynamic behavior.
The features and assumptions in this development include the seven described

below:

Performance
Criteria

Response ———p»—i

Performance
in
Turbulence

Constraints

(1) Three degree-of-freedom longitudinal rigid-body modes
of motion were considered.



(2) The equations were linearized about a level-flight
equilibrium condition.

(3) Atmospheric density was assumed to be an exponential
function of altitude. :

(4) The control system involved pure gain feedbacks with
no equalization, and sensor and actuator dynamics
were ignored.

(5) Both longitudinal and vertical gust velocity com~
ponents were included.

(6) The lag in vertical gust penetration between the wing
and horizontal tail was represented as an effective
aerodynamic pitching rate.

(7) The aerodynamic lag in 1ift growth on the wing following
gust penetration (Kussner Function) was included in
approximate form; the unsteady aerodynamic effects of
aircraft motion (Wagner Function) were ignored.

Eight linear differential equations were developed to represent the
aircraft and its control system, These included the dynamic equations repre-
senting the two translational and one rotational degrees of freedom. A kine-
matic equation was included which related the time rate of change of altitude
to both the aircraft's climb rate in the air mass and the instantaneous vertical
gust velocity. A second-order lag was used to represent the engine's thrust
response to throttle deflections. The following three closed-loop control
functions were developed:

(1) A simple elevator control system with control effected
by various combinations of velocity error, angle of
attack error, longitudinal acceleration, pitch rate,
and pitch attitude error.

(2) An autothrottle system with control effected by various
combinations of velocity error, longitudinal acceleration,
altitude error, and climb rate.

(3) An altitude control system which operated into the
elevator system. Pitch attitude commands were generated
as functions of both altitude error and climb rate.



a = angle of attack, rad

o
]

tailplane incidence, rad

8 _ = pressure correction factor

t2
6 = pitch attitude, rad
p = atmospheric density, slugs/ft3

Physical Characteristics

The primary physical characteristic parameters of interest are wing
mean aerodynamic chord length (¢), wing area (S), pitching moment of inertia
(Iyy), and aircraft gross weight (W).

In an attempt to simplify the problem somewhat, it is assumed that
while the aircraft's size would be allowed to vary, its basic geometry would
remain fixed. Here geometry is construed to include such factors as fuselage
slenderness ratio, wing aspect ratio, wing sweep, and the general attachment
position of the wing to the fuselage. Having assumed this, other assumptions
can be made with fair accuracy. First, given various aircraft physical sizes,
wing area will vary proportionally with the square of the mean aerodynamic
chord length. That is,

C (B-1)

Second, the aircraft's radius of gyration (r) about the center of gravity will
vary approximately linearly with mean aerodynamic chord length, Thus,

r=X, ¢ (B-2)

This latter assumption is made recognizing that the distribution of airframe
mass is far more influential in determining r than are the masses of fuel
and payload which vary as gross weight varies.

Pitching moment of inertia is a function of radius of gyration, gross
weight, and the gravitational constant (g), as follows:

W -
T g (B-3)



Combining (B-2) and (B-3) to eliminate r gives

W

=2 2K
I, =K € 3 (B-4)

yy

A reference aircraft is chosen to evaluate the .proportionality constants, Kj
and Ko. It is one of the first-generation type, four engine, turbojet-powered
transports with a mean aerodynamic chord length of 20 feet and a wing area of
2400 square feet. A reasonable mid-range value for this aircraft's radius of
gyration is 27 feet. Using these values in equations (B~1) and (B-2), the
values of Kj and Ky are found to be 6.0 and 1.35, respectively. Thus,
equations (B-1) and (B-4) can be rewritten as

wn
L]

652 (B-5)

I

22,6 W B-6
vy (B-6)

It is convenient to specify the aircraft's wing loading (W/S) as a
parameter, instead of the W and S individually. Equations (B-5) and (B-6)
can be combined to yield

Iyy 135.6¢ S (B-6a)

Based on the foregoing material, the process of fully describing
the aircraft's physical characteristics can be viewed as a three-step process;
(1) Size the aircraft by selecting ¢,

(2) Specify the wing loading (%), and

(3) Calculate the pitching moment of inertia (Iyy).

Aerodynamic Characteristics

The longitudinal aerodynamic characteristics are of interest in this
study and include the lift, drag, and pitching moment coefficients and
derivatives. The nondimensionalized characteristics of the reference aircraft
mentioned earlier will be used. These are, to a good order of approximation,
applicable to an aircraft with the same geometrical configuration, even though
it may differ in physical size. The aerodynamic characteristics presented in
the following paragraphs are limited to the configuration with flaps and

B-L



landing gear retracted. Also, unlike the derivations in Appendix A, they
involve values as measured from a zero angle-of-attack condition, and not
the trim flight angle-of-attack.

Lift Charagteristics

The equation below illustrates the dependence of lift coefficient
(CL) on aircraft angle of attack (o), and tailplane incidence (ée).

cC. =C. +¢C -+ CL (6e —'ﬁe ) 8-7)

Here, 8, is a reference tailplane incidence of -4 degrees. Static airframe

ref

elasticity, and compressibility effects on Cj are accounted for by the fact

that CLO, Cy, , and CL6 are, in turn functions of flight Mach number (M), and
o

flight altitude (h). €

Figures B-1 through B-3 present the values of CLo’ Cy, » and CL6 s
o

respectively, as a function of Mach number and several flight altitudes. €

Figure B-4 shows the aircraft's buffet boundary limit representing
the limit Cf, value as a function of Mach number. The dashed curve is a section
of an ellipse approximating the boundary and will be used in generating the
vehicle's flight envelopes, presented later in this Appendix, and the
turbulence-penetration-constraint boundaries, discussed in Appendix C.

Drag Characteristics

The drag coefficient can be expressed in terms of incompressible drag,
(CD) which varies with 1ift, and the drag rise due to Mach number, (CD)
L M

= (Cy) + (Cp) (B-8)
higs D’y

Figures B-5 and B-6 shows the variations of (CD) and (C ) with respect to C
and M, respectively. M

B-5
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In addition to the basic drag coefficient, its rate of change
relative to changes in both angle of attack and Mach number are of interest
in studying the aircraft's dynamic response. The first of these derivatives,

Mach Number,M

g% (CD) ,» 1s given by the following expression.

B-6

1.0

(B-9)
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The data in Figure B-5 are used to obtain the characterlstlcs of ;z (CD) or
various values of Cp and CLa The derivative —— (CD) is evaluated from
the data presented in Figure B-6.

Figures B-7 and B-8 provide data on the derivatives 5; (CD) and

(C )} , respectively.
M

B-7
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Pitching Moment Characteristics

An expression for the pitching moment coefficient is given as

c=cm+(cm> -a+C (5 =5 Y+ C X -X )
n o] o Mg e €ref My cg C8ref
ref e cg
(B-10)
(e, )
By
T ref x -x y @+ G0 5, O0m g
cg ce C8ref d(ca/2v) 9(T8/2v)

In this equation, Xcg is the ratio of the center of gravity distance forward

of the 0.25 MAC position, to the length of the mean aerodynamic chord. Thus,

X
CBref
X g equals X,

= 0.25. The value of (Cma) " is referenced to the condition where
re
&ref’ The effects of airframe static elasticity and compressi-
e
bility on Cm are reflected in the derivatives of Equation (B-10), all of which

vary with flight Mach number and altitude.

Figures B-9 through B-13 give the characteristics of C R (Cma) ,
) ref
m“)r f
mg my axcg
e cg

as a function of M and h.

Figures B- -14 and B-15 present data on the variation of C with angle
of attack rate (&) and pitching rate (9)

Propulsion Characteristics

In this study involving aircraft dynamic response in turbulence, no
specific attempt is made to characterize the thrust capacity of the vehicle's
engines. That is, having selected a vehicle configuration and flight condition,
it is assumed that the necessary thrust for level flight is available. For
equilibrium flight, the following two expressions are applicable:
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Idealized Aircraft Performance

As developed in Appendix D, the aircraft's turbulence penetration
performance involves a determination of the likelihood that defined constraint
boundaries will be exceeded in a particular turbulence encounter. 1In order to
make this determination, the aircraft responses and constraint envelope must
be defined for each case of interest. The details of computing the constraint
envelope, for any given case, are presented in Appendix C.

In the preceding subsection of this report, dealing with aircraft
response, an idealized aircraft response model was described. Its use per=-
mitted an assessment of aircraft response in terms of a minimum number of
influential parameters. Additionally, the determination that aircraft size
effects were minimal allowed for analyzing response in terms of only velocity
and mass parameter, Fortunately, with one exception, it was possible to
uniquely define the constraint envelope for a given case in terms of these
same two parameters. The exception is the dynamic pressure placard limit
which obviously depends explicitly on altitude for a given true airspeed.
Since this particular constraint is only significant at the lower-altitude,
high-speed portion of the flight envelope, the constraint boundaries for
given values of velocity and mass parameter were computed at sufficiently high
altitude to preclude the dynamic pressure limit from becoming a governing con-
straint. The boundaries and envelopes thus obtained were then assumed to apply
freely to all cases with identical parameter values.

Basic Performance Characteristics

For a given constraint envelope, the exceedance probability is a
function of the variances in angle of attack and velocity responses which in
turn are a function of the rms turbulence intensity. Whereas the aircraft
response results discussed in the previous section were linear functions of the
turbulence intensity, the exceedance probability results are related in a highly
nonlinear way to the turbulence magnitude as illustrated in Figure 10.

Also shown in Figure 10 is the mean time between crossings of the
closest constraint boundary, also a highly nonlinear function of turbulence
intensity. This quantity, as outlined in Appendix D, is computed from the
second moments of the angle of attack and velocity spectra and their cross
spectrum.

It should be noted here that the turbulence intensity, as used in this
investigation, is the true turbulence intensity as defined by the area under
the complete power spectrum. As pointed out in Reference 11, some investigators
have used a truncated spectrum to define the rms turbulence values, resulting in
a smaller numberical value. During 15 traverses of a thunderstrom, as reported
in Reference 11, truncated spectra values ranged from 6.1 to 16 ft/sec, whereas
the true rms turbulence intensity for at least one of these was estimated to
be 32.33 ft/sec.
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Figure 11 shows the linearized constraint boundaries (and resulting
envelopes) for three mass parameter values, all at a true velocity of 800
ft/sec. These boundaries are formally independent of size. The constraint
envelope for (W/S)/o = 197 1b/ft2, at the top of the figure, represents that
of an alrcraft trimmed at a relatively high 1lift coefficient, caused either
by a high wing loading or a high altitude operating point. It is evident
that this aircraft will probably encounter the upper buffet limit before the
positive load factor limit is reached, whereas for negative angle of attack
disturbances the negative load factor limit is reached first. The minimum
control speed, corresponding to the l-g stall speed, is fairly close to the
origin or trim point because of the high trim lift coefficient.

The constraint envelopes for lower values of (W/S)/c illustrate the
tendency of the positive load factor constraint to predominate the lower wing
loadings or lower altitudes. For the lowest value of (W/S)/o, the upper buffet
boundary has ceased to define any portion of the envelope.

The decreasing tolerance for angle of attack disturbances as (W/S)/o
decreases is illustrated by the narrowing of the distance between the positive
and negative load factor limits. However, Figure 9(b) shows that the rms angle
of attack response to a unit turbulence input decreases as (W/S)/0 decreases.
Based only upon an inspection of Figures 9 and 11, an accurate evaluation of
the relative turbulence-penetration performance for the three cases would
appear to be quite difficult to obtain because of the interwoven effects of
constraint boundary changes and aircraft response differences as basic param-
eters are varied. This evaluation, however, can be performed mathematically
by determining the probability of being outside the constraint envelope and
the mean time between crossing the closest constraint limit.

Figure 12 shows the results for three values of (W/S)/o as a function
of aircraft size. Perhaps the most striking attribute of the turbulence-pene-
tration probability criterion is its decisiveness, since the numberical values
shown for the three (W/S)/0 cases are markedly different. For a medium~sized
aircraft, subjected to the horizontal and vertical 20 ft/sec rms turbulence the
probability of being outside the constraint envelope is 30 times greater for
the highest wing loading case compared to that for the intermediate wing loading,
while the lowest wing loading results in a probability value about 300 times
greater. Once again, the comparative insensitivity of results to aircraft size
is observed,

Generalized Probability Contours

Neglecting aircraft size effects, the turbulence-penetration perfor-
mance criterion becomes amenable to contour plotting as was done earlier for
the aircraft responses. Figure 13 shows these generalized exceedance probability
contours in the normalized-wing-loading/velocity plane. To generate these results,
the same cases were used as for the generalized aircraft response data of Figure 9,
and the rms turbulence intensities (horizontal and vertical) were assumed to be
30 ft/sec, representing severe thunderstorm turbulence.
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As shown in Figure 13, a narrow, sharp depression in the probability
surface exists in which the value is less than ,00005. While operating in this
small region, the probability of exceeding any of the constraints is less than
one in twenty thousand, even in this severe turbulence environment. This may
be compared with operation near the outer contour, where the probability has
increased by a factor of 200.
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The generalized data of Figures 9 and 13 can be made more meaningful
from an operational point of view by selecting a wing loading and mapping the
response and probability contours into a conventional flight envelope defined
in the altitude equivalent-airspeed plane. The equivalent airspeed, Vg, is used
instead of true airspeed because of its more common usage in aircraft operations.
The 1962 ICAO standard atmosphere serves to relate altitude to density ratio.
The flight envelopes, with contours of rms angle of attack and load factor for
unit turbulence-intensity inputs, are given for three wing loadings in Figure 14.
These data were obtained from Figure 9 by a simple transformation of variables
along lines of constant response magnitude. Both the angle of attack and load
factor contours plot virtually as straight lines within the flight envelope,
although it must be borne in mind that the assumption neglecting aeroelastic
effects on nondimensional derivatives may be somewhat strained when computations
over the entire flight envelope are made. Keeping in mind the various assump-
tions discussed in earlier sections of this report and in the Appendices, the
qualitative conclusion may be drawn that increasing altitude at fixed equivalent
airspeeds tends to reduce both the load factor and angle of attack responses to
turbulence. It will be recalled, on the other hand, that the results in
Figure 9 showed that altitude increases at fixed true airspeeds caused increases
in the angle of attack responses to turbulence.

By the same transformation of variables, the exceedance probability
contours of Figure 13 have been mapped into the flight envelopes of Figure 15
for the same three wing loadings. These contours have not been drawn near the
dynamic pressure or maximum equivalent airspeed since limits. This limit was
not considered in generating the linearized constraint envelopes used for the
numerical data plotted in Figure 13. For a particular aircraft, however, this
constraint could be included and the exceedance probability contours could be
calculated for the complete flight envelope. For each wing loading, the closed
contours of the probability function in the h-Vg plane outline regions of minimum
likelihood of constraint exceedance. Interestingly, the effect of increased wing
loading is to move the optimum region to lower altitudes. Even for wing loadings
that are quite low for current subsonic jet transports, the region of minimum
exceedance probability is well below normal cruising altitudes.

The contours at the higher altitudes reflect the fact that the primary
constraint at these flight conditions is the buffet limit. In this region, the
contours assume the general shape of the 1-g low speed and high speed buffet
limits defining the boundaries of the flight envelope at higher altitudes. In
the lower-altitude, high-speed region of Figure 15(a), the 0.00l contour has
the general shape of the constant rms load factor response contour of Figure
14(a), a consequence of the fact that the load factor limit is the primary
constraint in this region.

For the 90 lbs/ft2 wing loading case in Figure 15(b), the approximate
locus of the optimum turbulence-penetration speeds, based on minimum exceedance
probability, has been sketched. Beginning at the highest altitudes, the curve
follows the peaks of the contours. Below about 18,000 ft, the relative
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importance of the buffet limit diminishes and the load factor limit becomes
the dominant constraint. Consequently, the optimum turbulence-penetration
speed is reduced with decreasing altitudes. At altitudes below about 7,500
ft, the increased rms angle of attack response to turbulence with decreases
in equivalent airspeed (see Figure 14) becomes significant and causes an
approximately constant optimum turbulence-penetration speed at the lower
altitudes.

Sensitivity of Results to Other Parameter Variations

As mentioned in the previous sections, the optimum turbulence pene-
tration region based on minimum constraint exceedance capability is below the
normal cruise altitudes of current subsonic jet transports. The effects of
some parameter changes were examined at a fixed cruise altitude, chosen as
30,000 ft because of the relatively high constraint exceedance probability at
this altitude. Figures 16 and 17 show the aircraft responses to unit turbu-
lence inputs and the exceedance probabilities as functions of the equivalent
airspeed for three wing loadings. Figure 17 shows that for the conditions of
these results the lowest wing loading case has the lowest exceedance proba-
bility. This is because the lowest wing loading has the lowest angle of attack
response to turbulence inputs, as shown in Figure 16, and as shown previously,
the dominant constraint at this altitude is the buffet limit. The lowest wing
loading has the largest load factor response to turbulence but the load factor
limit is of less importance compared to the buffet limit.

To portray in more detail the manner in which the constraints and
the aircraft responses interact, Figures 18 and 19 have been prepared.
Figure 18 displays for a low equivalent airspeed of 200 knots, the aireraft
response covariance ellipses and the constraint envelopes for the highest and
lowest wing loadings. Similar data are shown in Figure 19 for the higher
equivalent airspeed of 300 knots. The mean times between crossings of each
constraint are given in several units of time or are denoted as approaching
infinity if the mean time is greater than one day.

From Figure 18, it is readily apparent that the difference in the
resultant exceedance probabilities for the two wing loadings is strongly
affected by the location of the constraint envelope relative to the trim
point rather than on differences in aircraft response. In particular, the
upper buffet limit is very near the trim point for the higher wing loading
case, The minimum control speed limit could also be expected to be crossed
occasionally for the higher wing loading case but the other constraints are
insignificant. For the lower wing loading case, the upper buffet limit is
the only significant constraint.

Similar data are presented in Figure 19 for the high speed cruise
situation, For the lower wing loading case, the upper buffet limit is most
dominant with the Mach limit and positive load factor limit of somewhat less
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significance. For the higher wing loading case, the upper buffet limit again
moves very near the trim point and dominates the exceedance probability,
although the Mach limit cannot be completely disregarded.

Close scrutiny of the results in Figures 18 and 19 exposes several
possible shortcomings of the turbulence-penetration performance evaluation as
presently formulated. First, all the constraints are viewed with equal
seriousness regardless of their physical origin; although it is quite possible
that load factor limit exceedances should be weighted more heavily than occa-
sional excursions beyond the buffet limit. Secondly, a rational basis for
properly weighting each constraint is not obvious. For instance, it is
difficult to assess the seriousness of exceeding either the Mach limit or the
minimum control speed limit as compared to exceeding the buffet limit. Exami-
nation of these questions was beyond the scope of this study.

The effects of variations in static margin, atmospheric turbulence
model, and control criteria on aircraft response and turbulence-penetration
performance were also examined in this study.

The effect of a rearward movement of the center of gravity was found
to be detrimental, from the load factor standpoint, by Pratt and Bennett.
The results of the study reported herein confirm this finding. As illustrated
in Figure 20, decreased static margin has an adverse effect on the load factor
and angle of attack responses to unit turbulence inputs while the airspeed
response is not significantly changed., Figure 20 also shows the two response
parameters, altitude and pitch rate, which were not, in general, computed for
most of the cases of this study since they are not directly involved in the
turbulence-penetration performance evaluation procedure. However, altitude
and pitch rate responses to turbulence are of interest because altitude is
important from the air traffic control standpoint and pitch rate can influence
passenger comfort. Figure 20 shows that the altitude response to a unit tur-
bulence input is influenced by the trim airspeed but is not greatly affected
by static margin, whereas the pitch rate response shows a strong dependence on
center of gravity location and no significant influence of trim airspeed.

The effects of changes in the atmosphere turbulence model are shown
in Figure 21. The Case II (Dryden) model yields smaller responses in load
factor and angle of attack than does the Case I (Von Karman) model which has
been used throughout this study. The response reductions with the Dryden model
are due to the slightly lower power spectral density amplitude of this model in
the short period frequency range for both the horizontal and vertical turbulence
components.

The consequences effects of reducing the scale length from 5,000 ft
to 2,000 ft are shown in Figure 21 for the Von Karman model. This change
increases the relative level of the turbulence power at the important short
period frequencies and comsequently causes large increases in the load factor
and angle of attack responses to a unit rms turbulence input. It is observed
from Figure 21 that the correlation coefficient relating angle of attack and
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velocity responses is dependent upon both the turbulence model and the scale
length. Consequently, the shape of the covariance ellipses, such as shown

in Figures 18 and 19 would be affected by these factors. Further exploration
of the influence of the turbulence model and the scale length on turbulence-
penetration performance was not performed in this study.

The effects of using different control systems on the response to
unit turbulence inputs and on the turbulence-penetration performance were
investigated for one equilibrium flight condition. This included a more
detailed study of the aircraft's response behavior with a pitch autopilot
having pitch angle and pitch rate error signals fed to the elevator control.
Since two gain settings are involved with this control system, the procedure
used was to first select the pitch angle feedback gain, since this determines
the tightness of control, and then adjust the pitch rate feedback gain to pro-
vide 0.7 critical damping of the short period mode. The responses to a unit
turbulence input and the turbulence-penetration performance are presented in
Figure 22 as functions of the pitch feedback gain. Also shown in this figure
are the results for the loose pitch control used in all earlier work and those
for a pitch autopilot with short period damping. The trim flight condition
corresponds to the optimum turbulence penetration speed of 250 knots at 30,000
ft for a wing loading of 90 1bs/ft2 (see Figure 15(b)).

As expected, the results in Figure 22 indicate that increasing the
closed~loop short period damping to 0.7 with the pitch rate feedback is bene-
ficial in reducing the angle of attack and load factor responses compared to
those for the loose pitch control. Increasing the pitch feedback gain while
maintaining 0.7 critical damping of the short period decreases the pitch rate
response to unit turbulence inputs. The turbulence-penetration performance in
terms of probability of being outside the constraint envelope is not greatly
affected by the tightness of pitch control, although all cases with higher
short period damping are superior to the loose pitch control case. Although
these few results are certainly not conclusive, they indicate that the tur-
bulence-penetration performance may not be heavily dependent on the pitch
control gains as long as the closed loop system is reasonably good based upon
subjective judgment of tightness and damping.

More complex control systems were also investigated for the same trim
flight condition. Figure 23 shows the aircraft's rms responses to unit turbulence
inputs for a variety of systems utilizing elevator and thrust control. It should
be emphasized here that all the feedback gains except those of the basic pitch
autopilot with pitch angle and pitch rate feedback loops were selected in a very
arbitrary fashion based purely on subjective judgment. These data are therefore
for illustrative purposes only, and do not represent the final results of a
systematic investigation. The pitch autopilot,which was used in all the control
systems studied and shown in Figure 23, had a pitch feedback gain Kg = -0.6 and
a pitch rate feedback gain K§ = -0.64 1/sec which provided 0.7 critical damping
of the short period mode. It should be pointed out that the final damping ratio
of the closed~-loop short period mode was affected by the additional feedbacks
used in the more complex control systems. The following control systems were
investigated:
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(1) Pitch autopilot.

(2) Pitch autopilot with altitude hold, mechanized by
feeding altitude and altitude rate signals as
commands into the autopilot. Gains were P, = -0.001
rad/ft, Py = ~0.002 rad/ft-sec

(3) System (2) airspeed control, mechanized by feeding
airspeed and airspeed rate error signals to the
throttles. Gains were Ty = -1, Tg = -1 1/sec.

(4) System (3) with altitude hold removed.

(5) Pitch autopilot with altitude controlled by positioning
the throttles as a function of altitude and altitude
rate error signals. Gains were T = -0.0001 rad/ft,

T = -0.004 rad/ft'sec.

Figure 23 shows that some of the responses were affected very
little by the type of control system. In particular, the angle of attack and
load factor responses are relatively constant for the five systems. This is
probably due to the fact that these two responses are dominated by the pitch
autopilot, which was an integral part of all the systems. Control systems
(2) and (3), with altitude hold achieved by pitch autopilot commands, are
quite effective in reducing the unit turbulence input, rms altitude response
at the expense of the other variables, notably the pitch rate. The addition
of airspeed control through thrust, as used in control systems (3) and (4),
improved the airspeed response significantly and had little effect on the
other variables. This can be seen by comparing the responses for systems (1)
and (4) without altitude hokd, and systems (2) and (3) with altitude hold.
System (5), using altitude control through thrust in conjunction with the pitch
autopilot, is not as effective in reducing the altitude response compared to
systems (2) and (3) using altitude hold through pitch command. Furthermore,
the airspeed response for system (5) drastically increased, a consequence of
using thrust changes for altitude corrections while attempting to maintain a
fixed pitch attitude.

Figure 24 shows the turbulence~penetration performance for each of
the control systems. Systems (1) and (4) have essentially the same probability
of the aircraft being outside the constraint envelope for the trim flight condi-
tion used. Systems (2) and (3),and to some extent system (5), have poorer per-
formance when evaluated with the specific constraint envelope used. These are
the systems that were most effective in reducing the altitude response., It is
interesting to note that system (4) would result in an rms altitude response
of 468 £t in the severe 30 ft/sec rms turbulence environment, whereas system
(3) would only result in an rms altitude response of slightly over 40 ft.
Although turbulence of this magnitude is infrequent, the very large altitude
response which results with system (4) might represent problems from the air
traffic control standpoint. Consequently, consideration of including an
altitude constraint as part of the constraint envelope may be warranted.
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The data in Figures 23 and 24 reveal an interesting subtlety of the
turbulence-penetration performance evaluation procedure reported herein.
According to Figure 24, system (3) is slightly worse than system (2). However,
the opposite conclusion might be drawn from the angle of attack and airspeed
responses shown in Figure 23. A close examination of this apparent anomaly
revealed that differences in the covariance ellipse orientation were respon-
sible for changing the relative performance for these two systems. This
illustrates the difficulty of assessing the turbulence-penetration performance
by simply examining the individual parameter responses to unit turbulence
inputs.

It should be noted that the relative turbulence-penetration perfor-
mance of these five control systems shown in Figure 24 might be different at
other trim flight conditions in the flight envelope. At the trim flight
condition used to investigate the effects of different control systems, the
upper buffet limit was the predominant constraint, and airspeed changes had
a very small effect on the probability of being outside the constraint envelope.
Airspeed changes might be more important if the trim flight condition were at
a higher altitude or offset from the derived optimum turbulence-penetration
speed.

Procedural Extensions and Applications

As a result of performing the work described in this report, certain
insights were gained on possible refinements which could reasonably be made in
the procedure for assessing turbulence-penetration performance and on potential
applications of the procedure. These are briefly discussed in this section.

Possible extensions to the evaluation procedure which appear to be of
value and practical from both a formulation and computational standpoint are
the following:

(1) Increased Dimensions of Constraint Space - The two-
dimensional angle-of-attack/velocity constraint space
used in this report could be extended to include
altitude limits established from air traffic control
considerations, a deep-stall constraint limit, ride-~
quality limits, and possibly lateral-directional
response limits. For aircraft with potential deep-
stall problems, a constraint boundary established as
a function of both angle of attack and pitch rate
might be appropriate. 15) with regard to ride qualities,
a discomfort index such as in Reference 16 could be used.
Although an extension of the constraint space to include
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lateral-directional response limits may appear useful,
the tendency for a low degree of correlation between
longitudinal and the lateral-directional responses may
permit separate examination of these motions and the
development of a relatively simple procedure for com-
bining their effects on turbulence-penetration perfor-
mance. It should be noted that.a potential limitation
on increasing the constraint space dimensions is the
increased complexity in integrating the multi-variate
probability distribution function throughout the region.
This difficulty would appear to grow geometrically as
the number of dimensions of the space is increased.

It is encouraging, however, that the two-dimensional
integration used in this study required only 0.2
seconds per case on a CDC 6400 computer.

(2) Inclusion of Primary Structural Modes - The analytical
model of the aircraft used in determining turbulence
responses could be expanded to include primary’ structural
dynamic modes. Such modes would be required if the con-
straint space included a ride qualities discomfort index
relating acceleration spectra at selected points in the
aircraft to human objective responses. Furthermore, if
structural modes were included the load factor constraint
boundary could be replaced or supplemented by structural
stress limits at selected critical locations in the air-
craft. The aircraft/control system dynamic model would
be substantially more complex with the inclusion of
elastic modes, and the number of parameters involved
would probably inhibit generalization of results. This
complication appears to be warranted only for the inves-
tigation of turbulence~penetration performance of specific
aircraft.

(3) Inclusion of Nonlinear Aerodynamic and Control System
Characteristics - The addition of nonlinear characteristics
in the analytical model of the aircraft/control system
appears to be desirable, particularly for assessing tur=-
bulence-penetration performance of aircraft operating in
or near the transonic speed region, Unfortunately,
including the nonlinear characteristics presents special
analysis problems. For analyzing nonlinear systems,
there are_exact approaches such as using the Fokker-Planck
Equation , but this method might prove excessively dif-
ficult for dynamic systems greater than second order. Two
less exact analysis approaches are the use of a random-
input describing function(18) which allows Gaussian-type
computations but suffers from an uncertainty in the validity
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of the results, and the use of the Monte-Carlo method(lg)
which is moderately simple to apply but has the disadvan-
tage of low confidence levels for low-probability events
such as are involved in determining turbulence-penetration
performance. In extending the procedure as described
above, one might also account for the variations with
altitude of the probabilities of encoutering turbulence

of a given magnitude for, say, nominal mission profiles.

(4) Improvement in Constraint Envelope Formulation - It might
be very desirable to formulate the constraint envelope
with differential weighting of the various turbulence-
penetration performance limits, or to replace some of the
discrete boundaries with gradients representing increasingly
proper performance as the boundary is penetrated. A pre-
requisite to such improvements must be a better quantitative
understanding of hazards in the general state-space, than
now exists.

There are several potential applications of the turbulence-penetration
performance assessment procedure, even in its simplified form as described in
this report. Some of these are as follows:

(1) The comparative evaluation of various types of aircraft
to delineate particular problems in terms of the relation-
ship between the basic physical and aerodynamic character-
istics and the intended operational environment,

(2) The selection of optimum turbulence penetration speeds for
specific aircraft,

(3) The definition of the gross closed-lgop control require-
ments for an autopilot turbulence mode of operation.

In addition, refinements of the procedure for assessing turbulence-penetration
performance, as discussed above, could lead to tools adequately sophisticated
for the investigation of optimal controller configurations and/or path geometry
and speeds for automatic approaches in turbulence.
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Conclusions

From an examination of the results of this work, the following con-
clusions are drawn:

(1) The procedure for assessing turbulence-penetration
performance by evaluating the probability of being
outside a constraint envelope produces quantitative
comparative results which are in general agreement
with subjective engineering judgments and operationally
derived procedures.

(2) The computational effort required to apply turbulence-~
penetration assessment procedure is well within the
capability of digital computers.

(3) The assessment procedure is decisive, in that large
differences in the numerical value of the probability
function can result from reasonable changes in the
important inertial, aerodynamic, and control system
characteristics of the aircraft and in the trim
flight condition.

(4) The parameters which appcar to have the most influence
on the turbulence-penetration performance are the
normalized wing loading, (W/S)/o, and the trim airspeed.

(5) TFor the range of aircraft sizes considered in this
study, increasing aircraft size has a relatively
insignificant detrimental effect on over-all turbu-
lence~-penetration performance.

(6) The optimum turbulence-penetration altitudes derived
from using the turbulence-penetration performance
assessment procedure are below the normal cruise
altitudes for current jet transport aircraft. The
procedure was used to define optimum turbulence pene-
tration speeds for the complete altitude range for
aircraft with different wing loadings.

(7) The conventional means of longitudinal control
(horizontal tail surfaces and engine thrust) used in
this study were found to be limited to an improvement
of turbulence-penetration performance in that part of
the temporal frequency spectrum below the short-period
frequency, where the excursions of most concern
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generally occur. Consequently, little dramatic improvement
may be expected over the performance obtained by a simple
control philosophy based upon smooth pitch control to
inhibit the lower frequency motion. On the other hand,

an improper choice of control feedback can have large
adverse effects on the criterion rating.

Nomenclature

speed of sound, ft/sec
arbitrary designations for coefficient matrices
length of mean aerodynamic chord, ft

1lift coefficient

maximum lift coefficient
1ift curve slope (BCL/Ba)

perturbation in thrust coefficient caused by throttle
displacement

probability density function
gravitational constant, 32,2 ft/sec2
density altitude, ft

pitching moment of inertia, slug ft2

second-moments of the @ and v output spectra, 1/ft2
second-moment of the @, v cross spectrum, l/ft2
pltch rate feedback gain to elevator, rad/(rad/sec)

pitch angle feedback gain to elevator, rad/rad
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scale of turbulence, £t
aircraft mass, slugs
Mach number

ratio of pitch angle command to altitude error, rad/ft
ratio of pitch angle command to altitude rate, rad/(ft/sec)

wing area, ft

ratio of throttle displacement to altitude error, rad/ft
ratio of throttle displacement to altitude rate, rad/(ft/sec)

ratio of throttle displacement to nondimensional airspeed
error, rad

ratio of throttle displacement to nondimensional airspeed
rate, rad/sec

nondimensionalized airspeed perturbation
true airspeed, ft/sec

equival ir d o]
quivalent airspeed, /e Vtrue’ knots

horizontal component of gust velocity, ft/sec
vertical component of gust velocity, ft/sec

aircraft weight, 1lbs

designation for state variables, where i =1, 2, . . . N

static margin: ratio of the distance of the c.g. forward of
neutral point, to the length of the mean aerodynamic chord

angle of attack, radians unless otherwise stated
angle of attack perturbation from trim, radians

elevator deflection from trim, radians
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§ = throttle displacement from trim setting, radians

© = pitch attitude displacement from trim, radians

= commanded pitch angle, radians

p = atmospheric density, slugs/ft3

= gea level atmospheric density, slugs/ft3
p- = correlation coefficient relating @ and v

o = ratio of ambient atmospheric density to sea level value (p/pSL);
or, with subscript, root mean square response

o _,0_ = root mean square of horizontal and vertical gust components,
respectively

2 2 . . . .
0-",0 "~ = variances of angle of attack and dimensionless airspeed,
respectively

$(Q) = power spectral density of atmospheric turbulence, ft3/sec2

o
1
1

=1
I

output power spectra for o and v, ft

Q = turbulence spatial frequency, rads/ft

* = superscript denoting "equilibrium flight condition"
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Appendix A

Aircraft and Control System Model

Introduction

The mathematical model of the aircraft and control system used in
this study was based on the following assumptions:

(1) Three degrees-of-freedom longitudinal rigid-body
modes of motion were considered.

(2) The equations were linearized about a level flight
equilibrium condition,.

(3) Atmospheric density was assumed to be an exponential
function of altitude.(A-1

(4) The control system involved pure gain feedbacks with
no equalization, and sensor and actuator dynamics
were ignored.

(5) Both longitudinal and vertical gust velocity
components were included.

(6) The lag in vertical gust penetration between the
wing and the horizontal tail was represented as
an effective aerodynamic pitching rate.

(7) The aerodynamic lag in 1ift growth on the wing
following gust penetration (Kussner function) was
included in approximate form; the unsteady aero-
dynamic effects of aircraft motion (Wagner function)
were ignored.

Nomenclature

¢ = mean aerodynamic chord length, ft
= drag coefficient

€, = lift coefficient

CT = thrust coefficient

A-1
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perturbation in thrust coefficient caused by throttle displacement

= perturbation in thrust coefficient due to

3C, /3. 1/rad.
BCD/Bée, 1/rad.
3c, /oM

BCL/Bq, 1/rad.

BCL/BGe, 1/rad.

aCL/aM

ac,/3 (SE), 1/rad.

pitching moment coefficient

oC /ow, l/rad.

™

oc

acm/a (ZV)’ 1/rad.
BCm/BSe, 1/rad.
dC_/3 (99 1/rad

m 2v/? ‘
oC_/3M

m

oC_/aT, 1/1b
m

2
acceleration of gravity, ft/sec

changes in flight variables.




h = increment in altitude from reference condition, ft
T = unit vector along x body axis

= pitch moment of inertia, slug-ft2

= pitch radius of gyration, ft

= 38 _/oa

yy
k

y

K

[- 4

Kq = 358/3q
KT = static gain relating thrust coefficient to throttle position
K_ = 38 /ov

v e
K: = 35 /3v

v e

K, = 38 /36
e

>
[
]

increment in total lift force, lbs
M = mach number

m = airplane mass, slugs

2 —
M = £Y Sc C , 1l/sec

o ZIyy na
2

M = E%%E— Cm" 1/sec
yy o



An = incremental change in normal load factor
P, = aecom/ah, rad/ft

Py = aecom/ah, rad/(ft/sec)

q = pitch rate, rad/sec

q = equivalent aerodynamic pitch rate due to vertical gust
| penetration, rad/sec

S = wing area, ft2

T = total engine thrust, lbs
t = time, sec

T = 36T/5v, rad

T = BGT/BG, rad-sec

T, = BST/Bh, rad/ft

T; = 38./3h, rad/(ft/sec)

V = true airspeed, ft/sec

Vg = gust velocity relative to inertial reference, ft/sec
Vg = horizontal component of gust velocity, ft/sec
h
Vg = vertical component of gust velocity, ft/sec
v
Vi = inertial velocity, ft/sec

v = normalized airspeed = 3

W = aircraft weight, lbs
& _ovs ]
x0( [V 9 CDa , 1/sec

_[. eus ]
X6 o Cy , 1/sec
e Be

A-L



X, = g%g, 1/sec
Xe = - 5, 1/sec

(.1 .
Xv —-[ = \3v ZV) qnﬁﬁ], 1/sec

VS

= . BVs
zZ, om CL * 1/sec
o
= . QVS
Zg om CL6 , 1/sec
e e

N
i

\'A c
q _[1 - gm— L (g_v)]’ 1/sec
q

.22 _ ovs ]
v [ v om CIMM,llsec

a = angle of attack, rad.

N
1

B = exponential factor in atmospheric density equation, 1/ft
8 = elevator deflection from trim, rad.
6., = throttle deflection from trim setting, rad.

TN = transfer function approximation to Kussner function

0 = pitch attitude, rad.

9 = commanded pitch attitude, rad.
A = Laplace operator, 1l/sec
p = atmospheric density, slugs/ft3

T,, = time constant of engine, sec

temporal frequency, rad/sec

The subscripts x and z refer to standard NACA body-fixed reference axes.

A-5



Aircraft Equations of Motion

The development of the basic aircraft equations of motion follows
standard techniques and is outlined below.

If an earth-fixed reference system is assumed to constitute an
inertial reference, the inertial velocity of the aircraft's center of gravity
is the vector sum of its aerodynamic velocity and the instantaneous velocity
of the air mass.

V,=V+V
i g

In the inertial reference frame, Newtonian mechanics states that,
F=mV (A-1)

where F is the total applied external force vector, composed of aerodynamic,
thrust, and gravity force components.

In a conventional body axes system constrainted to rotate in pitch
with the aircraft, the time derivative of inertial velocity becomes,

V=[\}+\'r +q(V +V ﬂ?+[\'f + v —q(v'+v)]1? (A-2)
i b4 8y z g, z g, X By

The force vector, F, of Equation (A-~1) is assumed to be composed of
a lift force, acting normal to the aerodynamic velocity vector; drag and
thrust forces acting parallel to the aerodynamic velocity vector; and a weight
force acting downward. The components of this force are:

F —ﬂ—s-(c

X 2 Vz - CDVx + CTVx> - mg sin 8

L
(A-3)

S (e, )
Fz 2 CLVx CDVz + CTVz + mg cos ©

The horizontal and vertical gust velocity components are transformed
into body axis components through the transformation,
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v cos O +V sin ©
8x 8h &,

<
n

v sin € - V_ cos 8
gz &h gv

Equation (A-1) then can be written as,

y cos o - & sin «o 28 C. sin o - CD cos o + CT cos é]

v 2m L
v v
g _; Bh in 6 .
-y sin 6 - v cos o - v sin - q sin o

v sin o + & cos o = ng-[- CL cos o - CD sin o + CT sin é]

\% 2m
Gg 68
-9 - —h . a4
+ y cos e v sin 6 + v cos 8+ q cos o

In Equation (A~5), the angle of attack, o, is defined by,

v
X = cos «
A"

— sin o
\'

Equation (A-5) is then linearized about straight and level flight.

A-T

(A-4)

(A-5)

(A-6)
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’ . Vs &R0, v _22
c"(2m CLov o TV y v+ta
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Here, the subscript "o" denotes equilibrium values, while the nonsubscripted
variables are perturbations from the equilibrium state.

It is assumed that the 1lift, drag, and thrust coefficients can be
expressed as functions of the following variables:

- dqc )
CL = ¢ (“’ 2v_ M, 8,

¢ = CD (a, M, 6e) (A-8)
Cr = Cp <6T’ v p)
The first two equations are expanded in a first order Taylor's series as,
c, =C, a+C E—>+c Mv+C 6
L La L 2V0 Ly L6e e
(A-9)

CD = CDa o+ CDM Mv + CD6 Ge
e

The total increment in thrust coefficient is considered to be made

up of two parts:

(e = @ b
(A-10)

I
Cp, = V5



(Cp), is the contribution of the throttle deflection, acting
through the engine dynamics equation, A-18, which follows. (CT) on the

other hand, is the increment in thrust coefficient which arises because of
the functional dependence of the throttle-fixed engine thrust upon the air-
speed and atmospheric density.

Since

_ 28T
>
T s

(CT)2=[p$S 'B—'T-Z'—-)]v+l:-—]p (A-11)

From the last equation, a simplification can be made if the assump-
tion is made that thrust is directly proportional to atmospheric density, at
constant thrust level setting. Since an idealized turbojet engine has these
characteristics at altitudes above the tropopause, and it is nearly correct
at other altitudes, we will invoke this assumption. So,

C

BCT
SE_ = 0. (A-12)
Equation (A-10) then becomes,
T
- 2 oT _ , _o _
Cp (C)1+pVS v 2v] (A-13)
o o

The atmospheric density can be related to altitude through the
following relations:

4
Assume, p' = pée Bh ,

where p; is the density at the reference altitude from which h’ is measured.
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So, the perturbation value of p caused by deviations from the reference altitude,
h, is:

£ = - ﬁh (A"14)
po

A constant value of 8§ = .0000362 ft-1 is used throughout this study.
Substituting Equations (A-9), (A-13), and (A-14) into Equation (A-17)
yields the final form of the linearized translational equations. The subscripts

are dropped for clarity, but it is understood that quantities within the
brackets are evaluated at the reference flight condition.

veli- e e [FE 2D o ][ 4]

+|:%1%§] (CT)l +[' %’fs' CD6 ] % +‘:' %]V

(A-15)
- _[. ous “‘ [_gg_gvs ] [_gvs (_E_)]
d[ZmCL_a+ v "om S, MV T om G \aw/ ]
o q
0, Do [ 1)
+[ om CL 5e+ v h+__V Vg
) v
e
Since the pitching axis is a principal axis, the pitching moment
equation is simply,
. v2se
yy m 2
And, since Cm = 0 at equilibrium,
. gVZSE
q=':21 ] Cm (4-16)
yy
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Following Etkin(A-z)

rate equal to,

» the vertical gust imposes an effective pitching

v
.
1, =

The total pitching moment coefficient is taken to be a function of
the following variables,

Cm = Cm (o, @, q, g’ M, 6e, CT).

The Taylor's series expansion is, then,

<{e

& gc) c &
C =2¢C o+ C . (—— + C ( - C <+ C Mv + C § + C C
m ma m;, 2V m‘:l v mq 2V Vv mM m6 e c

From which, using Equation (A-13) and (A-16), the linearized pitching moment
equation is,

2.~ _2
. S oVS 0
1= gIchQ;]a+!_ZIc Q;] I:SC C]q
- = Ty

yy

:

2 _ 2

+[L—g ¢ ¢ ‘!(C>+[vs ]5 +[ -';Sc— ] (A-17)
I m, i\ T 21
yy G 1 vy

2 _
pV St Ve (3r _ 1)]
+.[ 21 Cm M+ Cm 1 oV 2 v v
Yy M Co vy
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Engine Dynamics

A second-order lag is assumed to represent the engine dynamic response
to throttle deflections. The form of the transfer function relating thrust
coefficient to throttle deflection is,

CT K

= () = L
6T 1+ TTX) (1 + 1.1 TTK)

The 1.1 factor is introduced to avoid possible mathematical diffi-
culties with repeated roots during portions of the computation.

The engine transfer function can be expressed as the following second
order differential equation,

al
H L]
S’

1
TN
N‘
S’
o
L}

]
N

[

-—————5)(CT2 - I%Tl?_ (éT) (A-18)

A value of T 4 seconds was used throughout this study.

T

Unsteady Aerodynamics Effects

The unsteady effects of the build~up of aerodynamic 1lift following
penetration of a vertical gust were approximated by multiplying the vertical
gust velocity forcing function terms by a transfer function which approximates
the Kussner 1lift growth function.

The aircraft under consideration in this study all have swept wing
planform, and no readily usable analytical approximations were found for the
Kussner functions for such wings. As an expediency, the approximation given
by Jones(A-3) for elliptical wings of aspect ration = 3 was used to represent
the indicial response function for the higher aspect ratio, but swept, wings
of concern in this study.

Jones' approximation to the 1lift build-up function, expressed in
terms of time is,

-.558 (%¥) -3.20 (3¥) ¢
(o} C

n(t) =1, - .679 e t 227 e
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The desired transfer function is then obtained by taking the Laplace
transform of the time derivative of the indicial response. A-2)

[y o 679 3 L .227 3 -
L E ) x+3.2o(2_1)] *-19

Feedback Control Equations

The control system equations involved only pure gain feedbacks with
no equalization. In addition, sensor and actuator dynamics were ignored. The
elevator control equation used was

6e = Kv v + Ka o+ KG (v + Vgh) + Kq q + Ke (9 - ecom> (A-20)

This equation could be used to approximate different stabilization, flight
director, and autopilot modes. For example, the first two terms could be
used to represent a simple flight director scheme employing only velocity and
angle of attack information. A system, such as SCAT, based upon angle of
attack and inertial acceleration feedback could be approximated by using the
second and third terms. A conventional pitch autopilot would be approximated
by using the last two terms.

An altitude control system operating through the elevator channel of
a pitch autopilot was simulated by generating a pitch angle command as a function
of altitude and altitude rate information. The following equation was used.

) =P h+ P, h (A-21)

The throttle control system used pure gain feedbacks of airspeed
and altitude signals and their rates as described by the following equation

GT = TG v + Tv v + Tﬁ h + Th h (A-22)
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Complete Dynamic Model

Equations (A-15), (A-17), (A-18), (A-20), (A-21), (A-22), and an
additional equation relating altitude deviations to other perturbation vari-
ables, define the complete system which can be written in matrix form as:

o) £ Fo, )
@ 0 -dam
A
6 0 My
[A] L(c)% = {0 > v o+ < 0 S (A-23)
( T>1 gh gv
h 0 -1
. A
5 X, 0
b, 0 0
8eon 0 0
. J . v, . J

where the coefficient matrix [A] is shown on the following page.
Since the horizontal and vertical gust components are assumed to

be uncorrelated, the responses to each component must be determined separately
and combined only in the final statistical sense.
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(\ + Xv) X, Xe XT 0 Xée 0 0
- P
Zv -\ + Zd) qu 0 VB Z6e 0 0
2 : .
M (MMM ) (A A M, 0 M, 0 0
T e
0 0’ 0 o5 2l L1 o 0 -—Jilji 0
1.th 1.1'rT 1.1'rT
(A-24)
o -V v 0 -A 0 0 4]
KGK+KV Ka (qu+Ke) 0 0 -1 0 -Ke
TGX+TV 0 0 0 (Tﬁk+Th) 0 -1 0]
0 0 0 0 (Pﬁk+Ph) 0 0 -1
L o
Expressions for each of the transfer functions of interest can be
developed using standard techniques. For example, the transfer function
relating pitch angle to horizontal gusts is,
6 fia’1)
v \) = —mm— (A-25)
g J1a1] o

Where \[A']! is the determinant of the matrix obtained by substituting the
first column matrix on the right side of Equation (A-23) for the third column
of the matrix [A].

Expressions for any of the other transfer functions of interest are
obtained in a similar fashion, and by noting that;

q -3 &
) =AT ).
g g
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Because of the algebraic complexity of the transfer functions, no
analytical derivations of these expressions were performed. Instead, the
determinants of the respective matrices for the numerators and the denomina-
tor were expressed in polynomials in the operator, A, by purely numerical
means.

The polynomial expansions were obtained as follows, using the
determinant of the coefficient matrix as an example. For each arbitrary
value of A substituted into Equation (A-24), a unique value of the determinant
of the matrix was found using a standard computer library subroutine for
determinant expansion. Furthermore, an examination of the [A] matrix shows
that it is of 7th order, so there will be eight coefficients in the char-
acteristic polynomial. If eight arbitrary, but different, values of A are
used to obtain eight values of the determinant, a set of eight linear simul-
taneous algebraic equations can be formed to solve for the coefficients of
the characteristic polynomial.

The technique described above was employed for the numerators and
the denominator of each of the transfer functions. Then, setting A = jw, the
polynomial numerator and denominator were converted to the complex frequency
response functions of interest,

The load factor frequency response functions can be derived from the
angle of attack and velocity functions as follows.

Defining the increment in load factor at the c.g. as,

- AL
An = W
Then,
C
AL=(_L_oz)a+zgz
W CL \'
(A-26)
Za
An=x—e'Q/-r2V .

This is a simplified representation of the load factor response, in
that 1ift contributions caused directly by pitching rate and elevator deflection
have been ignored. On the other hand, these omitted components act primarily
on the horizontal tail surface, so the simplified mechanization of the load
factor equation used-here is a reasonably valid indication of wing structural
load,
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So, for either gust component,

Z -
n ,. - ol .. AN
—g (jw) —[ X ] Vg (Jwy + 2 Vg (3w)

Idealized Aircraft Equations

Equations (A-15) and (A-17) can be rewritten,

v—[g LC‘] [igg (L?D)g-CDMM]V+[-§]Q+[%§](CT>1

6, Do 4]
+] - c 6 +|-=|v
[ 2m D5e e v =

Qe
[

_ Vs [ 2g _ '] [ 2__ (ZL.]
[ 2m CL o+ LM v+ C 2V> q
-5, J +[2] e [F]
+[ om (:L6 5 H SRV Ve
e v

A-17
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e m T
CT 1

=~\2
@) E B o BB O ), e

T
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2 \2m k m* m vV g
y @ q v

Six parameters, aside from the derivatives, appear explicitly in
Equation (A-28). These are:

—\2
2V pvsS c L
v, (3;), om (E_) > D and M,
y

At this point, an assumption can be made concerning the nondimen-
sional derivatives., These derivatives are, in general, functions of Mach
number, altitude, trim lift coefficent, and static margin., If static elastic
deformation with altitude is eliminated by comnsidering only the Mach number
effects, and if the further assumption is made that the speed of sound is
constant, then all nondimensional derivatives become functions of V, CL s
and static margin. o

The lift-drag ration can be assumed, to a first approximation, to
be a function of only the velocity and the trim 1lift coefficient:

(e )

5 f CL »V
o

Furthermore, it is easily demonstrated that

oS 8
2m Ve

L
o

so that Cy 1is uniquely established by the parameters V and g¥§ and,

o
therefore, C; is not needed as an additional parameter.
o

A-18



The variation of thrust with velocity, %%, can also be eliminated

as a separate parameter by noting that the equilibrium thrust is directly
proportional to mass. The development is as follows:

For unaccelerated flight,

p = _L__me
T=D>=3T/m ~ 1/
so,
I_._2_
M L/D

But, since L/D is uniquely defined by cp and V,
)

2=t (e, )
S =£(C ,v) .
[o]

Since the characteristics of the idealized turbojet engine are such
that v is proportional to thrust at a given velocity, it follows that

= f (CL ,V)
[0}

At this point in the consideration of an idealized aircraft, five
parameters are required to describe the aircraft, They are:

o:lcv
< |9
8 =

N

v, &, s (2
>T ? 2m° ky ’

and the static margin.

In Appendix B, the assumption is made that the pitch radius of gyration

is directly proportional to chord length. As a consequence, E— has a fixed
y
value for the rubberized aircraft, irrespective of its size.

The number' of parameters required to completely define the idealized

. aircraft then reduces to four. These are V, %?, gﬁg, and static margin.
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Appendix B

Aircraft Characteristics

Introduction

The aircraft's aerodynamic and inertial characteristics, together
with the trim flight condition and the f£light control system modes are
important primary variables in the study of turbulence-penetration performance.
In modeling the aircraft, it is desirable that the model be as flexible as
possible in terms of the number of parameters treated as variables. However,
the necessity to limit the number of variables to a managable quantity is
also recognized. In this Appendix, selected characteristics are presented
together with the criteria used in selection. The material is divided into
the areas of physical, aerodynamic, propulsion, and operational characteristics.

Nomenclature

a = speed of sound, ft/sec
€ = mean aerodynamic chord length, ft

CD = drag coefficient

= drag coefficient component varying with lift
(Co) = drag coefficient component varying with Mach Number

C. = lift coefficient

C = 1ift coefficient (x = 0)

Ly
C. = 9C /i
La L
CL6 = BCL/aSe
e

C_ = pitching moment coefficient



X
cg

pitching moment coefficient (v = 0)

BCM/ axcg

BCM/Ba

acM/ aae

drag, 1b
gravitational constant, ft/sec2

pitching moment of inertia, slugs-ft2
defined in Equation (B-1)
defined in Equation (B-2)

1lift, 1lbs
Mach Number
neutral point, see Equation (B-28)

dynamic pressure, 1b/ft2

aircraft's pitch radius of gyration, ft
. 2
wing area, ft
total engine thrust, 1lbs
total engine thrust at sea level, standard atmospheric conditions, lbs

static thrust, lbs

velocity, ft/sec
aircraft weight, 1bs

center of gravity, see Equation (B-10)
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o = angle of attack, rad

6e = tailplane incidence, rad
6t = pressure correction factor

2

0 = pitch attitude, rad

p = atmospheric density, slugs/ft3

Physical Characteristics

The primary physical characteristic parameters of interest are wing
mean aerodynamic chord length (T), wing area (S), pitching moment of inertia
(Iyy), and aircraft gross weight (W).

In an attempt to simplify the problem somewhat, it is assumed that
while the aircraft's size would be allowed to vary, its basic geometry would
remain fixed. Here geometry is construed to include such factors as fuselage
slenderness ratio, wing aspect ratio, wing sweep, and the general attachment
position of the wing to the fuselage. Having assumed this, other assumptions
can be made with fair accuracy. First, given various aircraft physical sizes,
wing area will vary proportionally with the square of the mean aerodynamic
chord length. That is,

S =K, ¢ (B-1)

Second, the aircraft's radius of gyration (r) about the center of gravity will
vary approximately linearly with mean aerodynamic chord length. Thus,

r=K, ¢ (B-2)

This latter assumption is made recognizing that the distribution of airframe
mass is far more influential in determining r than are the masses of fuel
and payload which vary as gross weight varies.

Pitching moment of inertia is a function of radius of gyration, gross
weight, and the gravitational constant (g), as follows:

=2 ¥ -
r p (3-3)
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Combining (B-~2) and (B-3) to eliminate r gives

1 =k e ¥
g

vy (B-4)

A reference aircraft is chosen to evaluate the proportionality comstants, Kj
and Ko. It is one of the first-generation type, four engine, turbojet-powered
transports with a mean aerodynamic chord length of 20 feet and a wing area of
2400 square feet. A reasonable mid-range value for this aircraft's radius of
gyration is 27 feet, Using these values in equations (B-1) and (B-2), the
values of Ky and Ky are found to be 6.0 and 1.35, respectively. Thus,
equations (B-1) and (B-4) can be rewritten as

s = 632 (B-5)

I 22.6 W ’ (B-6)

yy

It is convenieént to specify the aircraft's wing loading (W/S) as a
parameter, instead of the W and S individually. Equations (B=5) and (B-6)
can be combined to yield

o 5 (H) . ]
Iyy = 135.6¢c S (B-6a)

Based on the foregoing material, the process of fully describing
the aircraft's physical characteristics can be viewed as a three-step process;
(1) Size the aircraft by selecting ¢,

(2) Specify the wing loading (§>’ and

(3) Calculate the pitching moment of inertia (Iyy)'

Aerodynamic Characteristics

The longitudinal aerodynamic characteristics are of interest in this
study and include the 1lift, drag, and pitching moment coefficients and
derivatives. The nondimensionalized characteristics of the reference aircraft
mentioned earlier will be used. These are, to a good order of approximation,
applicable to an aircraft with the same geometrical configuratiom, even though
it may differ in physical size. The aerodynamic characteristics presented in
the following paragraphs are limited to the configuration with flaps and



landing gear retracted. Also, unlike the derivations in Appendix A, they
involve values as measured from a zero angle-of-attack condition, and not
the trim flight angle-of-attack.

Lift Characteristics

The'equation below illustrates the dependence of 1lift coefficient
(CL) on aircraft angle of attack (@), and tailplane incidence (ée).

cC. =C. +C -0+ (Ge -8 ) (8-7)

Here, &g is a reference tailplane incidence of -4 degrees. Static airframe

ref .

elasticity, and compressibility effects on Cy, are accounted for by the fact

that CLO, Cy, , and CL6 are, in turn functions of flight Mach number (M), and
o

flight altitude (h). e

Figures B-1 through B-3 present the values of CLo’ CL , and CL6 s

respectlvely, as a function of Mach number and several flight a1t1tudes. e

Figure B-4 shows the aircraft's buffet boundary limit representing
the limit Cy, value as a function of Mach number. The dashed curve is a section
of an ellipse approximating the boundary and will be used in generating the
vehicle's flight envelopes, presented later in this Appendix, and the
turbulence-penetration-constraint boundaries, discussed in Appendix C.

Drag Characteristics

The drag coefficient can be expressed in terms of incompressible drag,
(CD) which varies with lift, and the drag rise due to Mach number, (CD)
L ‘ M

Cc. = (C.) + (C.) ' (B-8)
D D’ D'y

Figures B-5 and B-6 shows the variations of (CD) and (C ) with respect to C
and M, respectlvely. M
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In addition to the basic drag coefficient, its rate of change
relative to changes in both angle of attack and Mach number are of interest
in studying the aircraft's dynamic response. The first of these derivatives,

.Ba_a/ (CD) » 1s given by the following expression,
L

d d
) = cy) - ¢
da "d’; ~dc, "D L
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The data in Figure B=-5 are used to obtain the characteristics of é% (CD)L for

various values of Cy, and C1, . The derivative 2 (Cn) 1is evaluated from
L L o BM M

the data presented in Figure B-6.

Figures B-7 and B-8 provide data on the derivatives g% (CD)L and

o)
= (C.) , respectively.
oM ' D M
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Pitching Moment Characteristics

An expression for the pitching moment coefficient is given as

C=cm+(c> "o+ G (6-6e Y+ C X -X )
m o Moy 5 e ref mX cg cgref
ref e cg
(B~10)
(e, )
mCY
+ =z ref x - x ) g+ L0 5, 90m g
cg €&  CBrer d(ca/2v) d(Th/2v)

In this equation, Xcg is the ratio of the center of gravity distance forward
of the. 0.25 MAC position, to the length of the mean aerodynamic chord. Thus,
X = 0.25. h iti

CBraf 5 The value of (Cma)ref is referenced to the condition where

Xcg equals X The effects of airframe static elasticity and compressi-

C8ref’
bility on Cm are reflected in the derivatives of Equation (B~10), all of which

vary with flight Mach number and altitude.

Figures B-9 through B-13 give the characteristics of C (Cma) s
) o ref
c 4 P e f
C s , and —go——
) ™ axcg
e cg

as a function of M and h.

Figures B- -14 and B~15 present data on the variation of C with angle
of attack rate (&) and pitching rate (6)

Propulsion Characteristics

In this study involving aircraft dynamic response in turbulence, no
specific attempt is made to characterize the thrust capacity of the vehicle's
engines. That is, having selected a vehicle configuration and flight condition,
it is assumed that the necessary thrust for level flight is available. For
equilibrium fllght the following two expressions are applicable:

B-1k
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T = C,QS (B-11)
Ww=2Cos . (B-12)

These expressions can be combined to yield

C
T D
S == (B-13)
W CL
Using Equation (B-8), (B-13) can be rewritten as
. (CD)L + (CD)M
== S (B~14)
L

where (C_) 1is a function of C_, and (CD) is a function of M.
D7y L M

Figure B-16 gives the equilibrium flight thrust-to-weight ratio ( )
as a function of Cp, and M. 1Its characteristics were determined from the
data in Figures B-5 and B-6.

Now with regard to the aircraft's dynamic behavior, it is considered
desirable to allow for the effects of velocity changes on thrust, as given by
9T
v’
as this would not be in harmony with the concept of a "rubberized" engine and
the assumptions made above. Instead, the approach used involved the nondi-
mensionalized characteristics of an idealized, constant-volume flow turbojet
engine.

The thrust-velocity characteristics of a specific engine could not be used,

Figure B-17 shows the idealized thrust characteristics® as a function
of Mach number of an axial-flow, turbojet engine operating on a constant-volume
flow basis. These thrust characteristics are for maximum-rated fuel flow

% "Aerodynamics of Propulsion', by Dietrick Kuchemann and Johanna Weber,
McGraw-Hill Book Company, Incorporated, 1953, Sections 8-5.
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(full throttle) at sea level standard conditions. The thrust is given as a
ratio of actual thrust to the static thrust at zero flight speed. As shown
in the figure, the characteristic curve is approximated analytically.

Tpax represents the maximum thrust available at sea~level standard
conditions and is given by
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T =_r'_) .() -
Tmax T Tst (3-15)
st max

If Tyax is the maximum thrust available at a flight condition other than sea-

level standard, it would be determined from
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(B~16)
2

where 8, is the pressure correction factor.

The thrust, T, required at some
particular flight condition would in general be some fraction K of Tma ; that
is,

T
e () () s, -
Tst max st t2

(B-17)
At this condition the rate of change of thrust with Mach number is
3(T/T_ )
oT _ st’max
oM 3M (Tge) 5t2 K (B-18)
Now, Equations (B-17) and (B-18) can be combined to eliminate the product
T L) - K. Thus,
st t
2
3(T/T ) /oM
CIaRy. st 7ax (B-19)
oM (T/T_)
st’/max
The analytical expression used to fit the curve in Figure B-17 is
T _ 2
T =1,00 - 0.64M + 0.68M (B-20)
st max
Differentiating it with respect to M gives
)
— T = -0.64 + 1.36M (B-21)
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Using (B-20) and (B-21), Equation (B-19) can be rewritten as

o =-0. 1.
s% =T (-0.64 + 1.36M) > (B-22)
(1.00 - 0.64M + 0.68M%)
A change of variable was made from M to V, taking account of the fact that
8T _ oT K oV
oM - oV~ oM (B-23)
and since
V=Ma , (B-24)
where a is the speed of sound at a particular altitude, then
v
M- 2 (B-25)
Using these identities, Equation (B-22) can be rewritten as
oT _ -0.64a + 1,36V
3V T 5 (B-26)

a =~ 0.64Va + 0.68V2

With this expression, it is possible to obtain the thrust variation with
velocity, given the equilibrium thrust level, the flight speed, and the
speed of sound at the flight altitude involved.

Figure B-18 is a composite graph, based on Equation (B-26), which
gives values for %% in terms of the other variables involved. By observing
both this figure and the numberator of Equation (B-22), it is seen that for

all cases or is zero when M equals 0.47.

Vv
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Operational Characteristics

Figure B-19 is the altitude-airspeed operating envelope for the
aircraft to be examined. The operational envelopes are seen to vary as a

function of the wing loading (%). The buffet boundary limits were obtained

by using the analytical representation of the buffet boundary shown in
Figure B-4, Additionally, a dynamic pressure constraint is imposed by
selecting an upper indicated airspeed limit of 400 knots,

It was decided that in specifying aircraft stability margins
“"'static margin' would be selected in lieu of specific c.g. positions.
Examination of Equation (B-10) shows that the effective Cm is given by

o
(e, )
o
£
cC = (c +—X8 (x - x ) (B-27)
o, ma> axcg cg C8 of

The neutral point (No) is the c.g. position (Xcg) at which Cm is zero. Thus,

_ ref
N, = Xeg a(e ) JoX (B-28)
ref m g
o
ref
where
Xc = 0,25 MAC
gref

Static margin (Xsm) is defined by

X =X =N (B-29)
sm cg o
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Substitution of (B~28) and (B-29) into (B-27) yields

2,
= X

C
du oXxX sm
cg

n,)
ref .

Stepwise Procedure for Acquiring Aircraft Data

One stepwise procedure for obtaining aircraft data for analysis
purposes is illustrated below:

ol

Specify

Find S

wul=g

Specify

Find 1)

I
yy

Specify M, h

Find C
LO

(Equation B-5)

wi=

w =2 .5

(Equation B-6)

(Subject to Figure B-19)

(Figure B-1)

(Figure B-2)

(Figure B-3)

(Figure B-9)

(Figure B-10)

(Figure B-11)
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c (Figure B-12)

e
cg
d c, ) (Figure B-13)
89X .
cg
p,a (standard atmosphere tables)
v (V = Ma)
2w
L €L, ==
pSV
CD (Figures B-5 and B-6)
3(C;)
L
Sor (Figure B-7)
3(cy)
v M (Figure B-8)
% (Figure B-16)
=1L,
T (T = W W)
oT .
W (Figure B~18)

Specify Xsm

Find  C (Equation B-30)
o
No (Equation B=-28)
Xcg (Equation B-29)
3C
m

—_— (Figure B-14)
2(ca/2V)
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3C
——_—n—‘——- (Figure B-15)
3 (ct/2v)
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Appendix C

Turbulence-Penetration Constraints

Introduction

For the purposes of this study, it is desirable to have a constraint
envelope in the proper dimensional space, whose boundaries are defined by
straight line segments. The following material describes the thinking and
methods by which a constraint envelope is generated.

Nomenclature
a = speed of sound, ft/sec
Ai’ Bi’ « e . Fi = arbitrary coefficient designations
CL = 1lift coefficient
¢, = acL/aa
o

M = Mach number

S = wing area, ft2

v = nondimensionalized airspeed perturbation

V = true airspeed, ft/sec

W = aircraft gross weight, lbs

o = angle of attack, radians

o = perturbation from trim angle of attack, radians
p = atmospheric density, slugs/ft3

* = superscript denoting equilibrium flight condition



General Constraints

Figure C-1 illustrates the constraint boundaries considered, and
their general appearance in the two-dimensional space of lift coefficient (Cp)
and true airspeed (V). These constraint boundaries are discussed separately,
below.

C
‘ L Buffet
Positive load factor
Maximum speed
1 \
/] AN
? AN Loci of equilibrium
N ) flight conditions
// N -~
/ v¥,c¥) ~
/] L -—
L P \/
/ %
/ Ty LA
%
/ 7
/ 4
/ /
.y TTv L g

Negative load factor

Minimum speed

FIGURE C-I. NONLINEAR CONSTRAINT BOUNDARIES EXPRESSED IN
THE C_-V DIMENSIONS.



Buffet

In Appendix B, a buffet boundary for the study aircraft was
approximated analytically by

9 1/2
CL = 1.05 [1 - 1.168M ]

where M is Mach number. However, since
M=V/a

where a is the speed of sound, Equation (C-1) can be rewritten in terms of
V, instead of M, as

1/2

¢, = 1.05 [1 - (1.168/a2)V2]

Because of insufficient data on the nature of the buffet boundary in the
negative Cy region, it was decided that the buffet boundary be taken as
symmetrical about the V axis. Thus,

1/2

c, =+ 1.05 [1 - (1.68/a2)V2]

Positive Load Factor

The normal load factor (N) is given as the ratio of aerodynamic
lift to aircraft weight. That is,

N = (pSV2/2W)CL

As discussed in Appendix A, the dynamic aeroelastic characteristics of the
aircraft are not included in the study. For this reason, a constant load-
factor boundary is assumed. For a positive load factor limit of 2.5,
Equation (C-5) can be solved for CL and expressed as

c, = 5(/S)/pv”

(c-1)

(C-2)

(c-3)

(C-4)

(c-5)

(c~6)



Negative Load Factor

A negative load factor limit of -1 is assumed. Using Equation (C-5),
the Cj, limits of this boundary, expressed in terms of the other variables, is

C, = - 2(W/S)/pV2 (c-7)

Minimum Speed

At sufficiently low airspeeds, for a particular altitude and load
factor, the aerodynamic control surfaces are not effective enough to allow
attitude control. A minimum speed limitation was postulated to take this
fact into consideration. Since the threshold speed where control ineffective-
ness occurs is a function of many factors, in this study, it is conservatively
estimated to be the 1l-g stall speed of the aircraft,

The 1l-g stall speed, and hence the minimum speed boundary, corresponds
to flight at the maximum lift coefficient and is given as

1/2
v, = [2(w/S)ch ] (c-8)
max

Maximum Speed

As presented in Appendix B, an indicated airspeed of 400 knots
(675 ft/sec) is taken as the maximum permissible speed for the aircraft. The
relationship between true and indicated airspeed is given by

/ 1/2
v = c-9
true [po p] Vindicated ¢ )

where P is the sea level standard density, taken here as 0.002378 slug/fts.
Therefore, the aircraft's maximum allowable true airspeed in feet per second
is given by

/2

— 1 -
v, = 32.95/[pl (C~10)



From Figure C-1 it can be seen that under some flight conditions
the maximum speed limit might be established by the buffet boundary. The
maximum speed permitted by the buffet boundary can be obtained from Equation
(C-4) for the case where Cj, is zero. Thus,

v_= [32/1. 168]1/2 (c-11)

Constraint Transformation

In order to be compatible with the dimensions employed in analyzing
aircraft response (as given in Appendix A), the boundaries just discussed are
transformed from the CL - V axis system to a @ - v system, where

T = - o (C-12)
v=V/Vx -1 (C-13)
It can be shown that
C,=C*+C - (C-14)
¢4
and (C~13) can be rearranged to give
V=(v+ 1Vr ., (C-15)

Using Equations (C-14) and (C~15) with the previously defined
constraint boundaries, the transformed boundaries can be rewritten as

1/2
+ Ky [1 - Ky (v + 12] - Kq (buffet) (C-16)

[

K4/(v + 1)2] - K3 (positive load factor) (C-17)

R1
]



where

o =

<

min

- [KS/(V + 1)2] - K,

(negative load factor)

(minimum speed)
(maximum speed)

(alternate maximum speed)

1.05/CL
o

1.168v#2 /52

b
o

5M/s)/C,  pvx?
[0 4

200/8)/c,  pvi?
o

[2(w/s) o C v*z:'llz-l

max

(32.95/v* /3) -1

[1t,]" -

C-6

(C-18)

(C-19)

(C-20)

(c-21)

(C-22)

(C-23)

(C-24)

(C-25)

(C-26)

(C-27)

(C-28)

(C-29)



Linearizing the Constraints

In the preceding paragraphs, a description is given of the con-
straints selected, and the steps taken to transform these constraints into a
dimensional space representing the perturbations from an equilibrium condition.
Nonetheless, most of the constraints remain nonlinear, the exceptions being
the two velocity limitations. Because the aircraft response analysis involves
linear models, it is believed appropriate to have the comstraint envelope
defined by linearized representations of the nonlinear constraint boundaries.

Figure C-2 illustrates a hypothetical arrangement of the transformed
nonlinear constraint boundaries discussed previously. They are shown by the
dashed lines in the figure. The following concept is employed in the lineari-
zation process. Some point on each constraint boundary is in nearest proximity
to the equilibrium condition (origin of the @ - v axis system). Through each
such point, construct a straight line with the same slope as that of the non-
linear boundary at this point, The resulting set of straight lines intersect
one another to form a constraint envelope whose perimeter consists of straight
line segments.

An examination of the equations presented earlier shows that the
constraint envelope, such as that shown in Figure C-2, is uniquely defined
by the aircraft and flight condition parameters M, h, and W/S. It was known
that constraint envelopes would need to be established for a possible large
number of different conditions involving these three parameters. Thus, a
computerized method of defining the envelopes was developed. This development
is discussed in the remainder of this Appendix.

Identifying Proximity Points

In any computer approach to envelope definitions, the first obvious
step would be to compute the coefficients Ky, Ky, K3, . . . Kg, as given by
Equations (C-22) through (C-29). With these available, the constraint boundary
Equations, (C-16) through (C-21), would be defined. The next task would be to
define the four nearest proximity points of positive and negative lift buffet
boundaries, and the two load factor boundaries. The method developed for
accomplishing this is described for each of the boundaries.

c-7



FIGURE C-2. DEVELOPMENT OF THE LINEARIZED CONSTRAINT
ENVELOPE.
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Buffet Boundary

The following approach is used to identify the nearest promixity
points of interest.

(1) Develop an expression giving the distance r from the
origin to any point (& - v) on the boundary.

(2) Find the values of v at which r is an extremum
(minimum or maximum).

(3) Discriminate among these roots to identify those
for which r is a minimum,

(4) Find the appropriate value of o corresponding to each
v-root for which r is a minimum.

The buffet voundary is defined in Equation (C-16) as

- 9 1/2
tx=iK1l:1-K2(v+1):‘ - K,

The distance r, mentioned above, is given by

r = [&2 + vz]llz (C-30)

Combining these two equations to eliminate 5, and solving for r gives

1/2 1/2

r = {Kl?‘ [1 -Ky(v + 1H?] - 2K K, [1 - Ky(v + 1)2] + K32 + vz} (c-31)

The partial derivative of r with respect to v is

2 9 1/2
3r _ -21<1 Kz(v + 1) + {2K1K2K3(v + 1)/[-1 - K2(v + 1) -I + 2v
v 2t (C-32)

c-9



Setting the expression for Or/dv equal to zero, and rearranging gives a poly-

nomial of the following form

4 3 2 _
on + Alv + sz + A3v + A4 =0

where

g
i
1

~

+

N

~

~
1

=~

=~

>
]
$
N
~
+
(<))
=~
-
N
~

2 4 2 2.2 4. 3 2.2 2
9 1 - 2K1 K2 + Kl K2 - K2 + 6K1 K2 - 61(1 K2 - K1 K2 K3

.
fl

_ 2 4 2 2. 2 4 3 2.2 2
Ay = = 2K Ky + 2KK)T + 2K KT - AR TR, - 2K K, Ry

(C-33)

(C-34)

(Cc-35)

(C-36)

(c-37)

(C-38)

Figure C~3 illustrates the four points whose v coordinates are given

by the four roots of Equation (C-33). Because of the nature of the buffet
boundary, it is clear that the minus v root can always be discarded, leaving

three roots to be examined further. Of these, the two for which r is a minimum

can be identified by examining the sign of the second derivative of r with

respect to v. It is given by

2 -2k %K, + 2K KK {[1-K2(v N e Ky (v + 1)2[1-K2(v+1)2]'3/2} +2

r 1 72 123

2 T

That v-root whose second derivative is negative is discarded. This finally

leaves the two roots for which r is a minimum.

(c-39)
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FIGURE C-3. TYPICAL EXTREME VALUES OF r FOR THE BUFFET
BOUNDARY

Having found the v coordinates of the two nearest proximity points,

it is necessary to find their
illustrates that two possible @ values exist for each v value.

Option 1:

Option 2:

respective @ coordinates. Equation (C-16)

Namely,

1/2

-KB

2

1l

o Kl [1 - K2(v + 1)

9 1/2
"-Kl[l-Kz(v+1) -K3

R
i



The desirable o value is that which, together with the v value in question,

meets the test that 3r/dv equals zero. Differentiating Equation (C-30) with
respect to v provides an expression for testing this requirement. The form

of this expression differs for the two options involved. Namely,

Option 1:

Option 2:

¥

v

o K1K2(v + 1)

ov [__ 2
o

j v2]1/2 - [&2 . VZ]1/2 y [1 s 1)2]1/2

v

o Kle(v + 1)

. .
N A N ) R P

The steps above allow for explicit determination of the proximity
points on the buffet boundary.
nearest proximity point, 98%/dv, would be given by the expression obtained
in differentiating Equation (C-16) with respect to v and is used to establish
the linearlized envelope segment. The form differs for the two options.

Option 1:

Option 2:

%
v

Positive Load Factor Boundary

The slope of the buffet boundary at each

K1K2(v + 1)

|:1 - Ky (v + 1)2:11/2

Kle(v + 1)

+|:1 - Ry (v + 1)2]1/2

(C-40)

(C-41)

(C-42)

(C-43)

Using much the same procedure as was used with the buffet boundary,
Equations (C-17) and (C-30) can be combined to yield an expression for r in

terms of v.
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2
K 2K K 1/2
pe| - Aoy g %y vz] - (C-44)
(v + 1) (v + 1) .

Its derivative with respect to v is

2
2K, 2K.K
_ 4 z + 34 5+ v
ar (v+ 1) (v + 1) (C-45)
ov T
Setting this equal to zero and rearranging terms yields a polynomial of the
following form,
6 5 4 3 2 _ _
Bov + Blv + B2v + B3v + B4v + st + B6 =0 (C-46)
where
B0 =1
Bl =5
B, = 10
B3 = 10
B4 = 2K3K4 + 5
B5 = 4K3K4 + 1
B = -2k, % + 2K.K
6 4 3%

Figure C-4 shows the nature of the boundary given by Equation (C-17).
This equation allows for the existance of a boundary in a nonexistant physical
region (negative velocities). It can be observed that Equation (C-46) can only
have two real roots which have physical significance and that only one of these,
a positive v, is the v-coordinate of the nearest proximity point. Thus, the six
roots of (C-46) can be examined and all imagainary and negative real roots can
be discarded.
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Proximity point of interest

Tmin

V=0

FIGURE C-4. TYPICAL EXTREME VALUES OF r FOR THE POSITIVE LOAD
FACTOR BOUNDARY.

When the single v-root of interest is found, the associated o
coordinate can be obtained from Equation (C-17). That is,

K

&= —— - K, (C-47)
(v +1)

C-14




The derivative of (C-47) with respect to v provides an equation for the slope
of the positive load factor boundary, at the nearest proximity point and,
hence, the slope of a segment of the linearized constraint envelope. It is

- 2K
e e e (C-48)
(v +1)

Negative Load Factor Boundary

Using the same procedure as was used for the positive load factor
boundary, the resulting polynomial is

Cdv6 + Clv5 + sz4 + C3v3 + C4v2 + CSV + C6 =0 (C-49)
where | |
€y =1
¢, =35
c, = 10
Cy = 10
C4 = - 2K3K5 + 5
Cg = - 4KgK. + 1
C_ =- 2K 2, 2K K
6 5 375

As before, four of the six roots of (C-49) are imaginary and can be discarded.
Of the two real roots, only the one greater than zero is of interest. The @
coordinate and the boundary slope at the nearest proximity point are given by
the following two equations.

- KS
e K3 (C-50)
(v+1)



212

v+ -1_)3

(c-51)

Linear Boundary Definitions -

Including the two velocity limitations, the linearized constraint
boundaries are six in number. This includes a boundary for both the upper

and lower surfaces of the nonlinear buffet boundary.

These linear boundaries

can be expressed by an equation of the following form:

(o4 =
Di + Eiv Fi

The following equation assignments are made.

In computing the values of D

be shown that

D, =D, =0

D, =1, i=3,4,5,6

(i=1,2,...,6) (C-52)
minimum speed boundary (C-53)
maximum speed boundary (C-54)
upper buffet boundary (C-55)
lower buffet boundary (C-56)
positive load factof boundary (C-57)
negative load factor boundary (C-58)
T Ei’ and Fi for these equations, it can

(C-59)
(afbitrary) ‘ : | (C-60)
(arbitrary) (C-61)
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--(&® -
E, = (av . 1 =3,4,5,6 (C-62)
F, =D +Ev, 1=1,2,...,6 (C-63)

where 3& and v, are the nearest proximity point coordinates, and (%%)i is the

boundary slope at the nearest proximity point. For the minimum and maximum

speed boundaries,

v, =K ' - (Cc-64)

K,, for K s K
vo= 47 R : (C-65)
K8’ for K8 < K7

Constraint Envelope Definition

Figure C-5 depicts a hypothetical case for which the six linearized
constraint boundaries are defined in the @ - v plane. With the exception of
the two speed constraint boundaries which are parallel, every boundary inter=-
sects all other boundaries to form a total of 14 intersection points designated
Pise The symbols i and j represent the two boundaries whose intersection is
being considered.

Clearly, the constraint envelope of interest is not defined by all
14 intersect points. In Figure C-5, for example, the constraint envelope is
defined by the points Pyj3, P35, Pyg, Pgg, Phg, and Pyy,. It is, therefore,
necessary to develop a routine by which these unique points can be identified.

Every point P;: has the coordinates Ei.-and v... The equations of
the two lines involved would be - : ] B

where i # j (C-66)



FIGURE C-5. CONSTRAINT SEGMENT INTERSECTIONS WHICH ARE
THE BASIS OF THE CONSTRAINT ENVELOPE
DEFINITION.



These two equations can be solved simultaneously to yield expressions for

the @ and v coordinates. They are

. —FiEj - E4F,
ij ~ DE, - E;D,

D,F, - F;D,
V.. = 0 o o~
1j " D;E, - E;D,

(c-67)

(c-68)

Now, Equations (C-53) through (C-58) define the constraint-boundary

lines. However, being constraints, these boundaries exclude portions of the

© - v domain from consideration. Therefore, for any point P;. to qualify as a

point which uniquely defines the constraint envelope, it mus
following six inequalities.

(=)
R
+
<
<
in
1

2%13 2713

=)
R
+
[zo]
<
IA
rxf

o
R
+
=2}
<
AN
&)

Deoty s + Egvys 2 Fg

The procedure above provided a straightforward process for identifying those

points which uniquely define the constraint envelope.

c-19

satisfy the

(C-69)

(C-70)

(c-71)

(C-72)

(c-73)

(C~-74)
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Appendix D

Statistical Response Analysis Model

Introduction

The material herein deals with the development of an analytical
model for examining the response of a linearized aircraft to random turbu-
lence, and assessing the aircraft's performance as given by two criteria.

The aircraft's response is viewed in a two-dimensional space defined by two
state variables of interest. The basic performance criterion is taken to

be the probability that the response will exceed a constraint envelope

defined in the state space of interest. An alternate performance measure
deals with the frequency of crossing the bounds of the constraint envelope.
The analytical developments for these two criterion are given in the following
paragraphs,

Nomenclature

d = distance from origin to a given line
E = expectation operator
f( ) = probability density function

11,12,13 = moment integrals

Nd = number of crossings of the level d per unit time

-]
——
—

n

o real part of { }

t = time
u,v = transformed coordinates
X,y = components of a two-dimensional Gaussian random process

z = projection of a two-dimensional Gaussian random process
onto a given line

D-1



® = angle of rotation of coordinate system
p = covariance between X and y
o = variance
T = time delay
Qii = power spectral density
Qij = cross spectral density
{ = direction of the normal to a given line

W = frequency

Probability of Envelope Exceedance

The probability density function of a_zero-mean, bivariate Gaussian
distribution in the variables x and y is given D-1 by

1 1 x> 2pxy 2
£(x,y) = 1/2 °©¥P {' N AT IR ]} (@-1)
o G [1 _ p2] 2(1 - p7) "o xy o
Xy
where

ze = E {xz} (0-2)

cyz =E {yz} (D-3)
p= E;;;él (D-4)

Ly



It is easily shown that ‘p‘ £ 1. The case where p =1 (i.e., the two variables
are linearly related) will not arise in the intended application. Accordingly,
it is assumed that \p\ < 1 so that f (x,y) is always well defined.

Now consider a convex polygon (constraint envelope) in the x-y plane
defined by the vertices xj, yj, where i =1, 2, . . . N. Given the vertices
Xy, Yi» and the parameters oy, oy, and p, the problem is to determine the
probability of being outside the  polygon, or to find the numerical value of
the integral

I= [2[ £(x,y) dxdy (-5)

where A is the region outside the polygon.

The computational approach taken is to rotate the coordinate system
until the cross-product term in Equation (D~1) disappears, then to perform the
two quadratures in sequence. This will eliminate the need for a general two-
dimensional integration process.

Rotation of Coordinates

Figure D-1 shows a new coordinate system u-v, rotated by an angle 8
from the x-y axes. The x-y coordinates of an arbitrary vector may be expressed
in terms of the u-v coordinates of the same vector as follows:

b
]

ucos & - v sin 8 (D-6)

u sin 8 + v cos © (D-7)

<
]

Using these equations to eliminate x and y from Equation (D-1) gives

D-3



/u

T,
Poee X

FIGURE D-I. NOMENCLATURE OF AXIS SYSTEM ROTATION

2
1
1/2 ©xP {- L 2 u2 c0329 - 022 sin 8 cos 6
21'I'O'O‘[1-p2 2L - o) %x Xy
sin29 ‘2 2 2 2 2
+ _2> + uv (8_5— (sin"® - cos 0) + (——2 - "—2) sin 6 cos 9) (D-8)
o] X'y a o
y y X

. 2 2

+ v2 (__31n 8 + 20 sin O cos 6 + £25= 6)]}
oo 2
Xy o
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Now suppose that © is selected in such a way that the coefficient
of the uv term in Equation (D-8) vanishes. 1t is easily shown that this will
occur if and only if

sin 26 = + XYy (D-9)

and

cos 20 = + 172 (D-10)
2 2)\2 2 2 2
g " -0 + 4p 0 O
X y Xy

Using these two expressions, the coefficient of the u2 term in Equation (D-8)
becomes

+1

1/2
2 2)2 2 2 2
[(cx -0y ) tépo o, | } (D-11)

While the coefficient of the v2 term in (D~8) becomes

1/
S 2 2 ( 2 2)2 2 2 2] L} _
2 2 {cx + cy j;[ o, - Gy + 4p oy Gy (D-12)

If it is required that the u axis be the major axis of the probability ellipse,
the u2 coefficient must be smaller than the v2 coefficient. This means that
the upper algebraic signs should be used in (D-11) and (D-12).



The desired values of Sin 8 and Cos © will now be

( 2 2)
g -0
X hd

Sin ©

sgnp{i[l-[

X

1/2
75 )

(0'2-0'2)2+4p2c7 2_ 2]
y x Yy

Al
Cos 6 = sgn p { 2 _1 +‘-<G 2 c 2) 4 2 20
W\ X y P %% y

Now, if the following definitions are made,

2 2(1 - pz) Oxzcvz
(o) =
u 62+02_[(02_02>2+4p20 2 2]1/2
x y X y x 7y
o1 - ) o % 2
2= X _y
v cy2+d2+[(62_cyz)erZmzo_zcz1/2
x y x y Xy

then the transformed density function becomes

1 1 u2 v2
fg(u,v) = 5055 exp { - '2'[: 7 * 2]}
uv 0] a
u v

(C.Ixz ; zyz) 2]1/2] }1/2

(D-13)

(D-14)

(D-15)

(D-16)

(D-17)

(D-18)



The original ordered list of vertices xjy, yi, may be transformed
into a new ordered list uj, vj, by using Equations (D-6) and (D-7) with
sin © and cos 6 as given by Equations (D-13) and (D-14). The problem is
then to integrate Equation (D-18) over the region exterior to the convex
polygon defined by the vertices Uy, V-

The Gaussian Quadrature

The probability of exceeding the constraint envelope may now be
written as the numerical value of the integral

I = [ £5(u,v) dudv (D-19)
A

where A is again the region outside the polygon.

Figure D-2 shows a hypothetical convex polygon which lies in the
u,v plane and contains the origin. The symbols u~ and ut represent the
smallest and largest values of the uj, respectively. The symbols v~ and vt
are the v values of the lower and higher intersections of a line of
constant u with the polygon. Using these notations, Equation (D-19) can be
written as

u- 00 ut+ \ +o
I = I du I fe(u,v) dudv + I du {f fe(u,v) dv + I fe(u,v)dv }
-0 -0 u- - Q0 v+
(D-20)
4o oo
+ I du f fe(u,v)dv

ut -

The first and last of the three integrals in Equation (D-20) can be
written, respectively, as

D-7
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/— u = constant
\/ v+

ut
t -
u- lA

/\v

FIGURE D-2. NOMENCLATURE PERTAINING TO THE
EVALUATION OF THE PROBABILITY

INTEGRAL
T [ =1 -3 et ( u-_) (D-21)
:rm du :rm fe(u,v) dv = 1 - 5 erfe 72 o
and
+o +o
J‘ du j‘ fe(u,v) dv = ';- erfc (/zu;- ) (D-22)
ut -® u
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where erfc is the error-function complement:

do 2
erfc (z) = /h f e t

Z

dt (D-23)

Next, consider the first term of the second integral of Equation
(D-20). It can be rewritten as

1
2o ©
uv

u+ V-
Ijl‘- du f £o(u,v) dv =

2) du { " exp ( v22) dv} (D-24)
20
v

the inner integral of which is, in turn, expressible in terms of erfc; thus,

V- 2 ,
I exp (- —2—5 dv = % cv‘:Z - erfec (/iyc )] (D~25)
-0 20'v v

so that (D-24) may be rewritten as

£T+du T- fe(u,v) dv = Eyi%_g_ Iu+ exp (- zzzz> [2 - erfc (T§%~g;>] du (D-26)

-0 u u-

Proceeding along similar lines with the second term of the second
integral of Equation (D-20), one obtains

-+ 2
I du I fe(u v) dv = 573%_5_ IP exp (- ;i;i) erfc ( 72 du (D=-27)

u- v+ u u-
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Combining all results, the desired probability is given by

2

1 u- 1 ut 1 ut u

I =1-7erfc </ > + = erfe </ ) + f exp (- ————)
2 2 o, 2 2 O, 2/7n Oy 4- 20u2

[2 - erfc </;-Gv> + erfec (/§+cv)] du

(D-28)

The integral in Equation (D-28) may be evaluated by a one-dimensional Gaussian
quadrature. It is necessary only to be able to evaluate the integrand for any
given value of u. To do this, it is necessary to be able to compute v- and v+
for any given value of u. This can be readily accomplished since the straight-
line faces of the polygon are defined by the known vertices, Uss Y,

Frequency of Crossing

Consider two random processes x(t) and y(t) which are jointly Gaussian,
wide-sense stationary with continuous spectra and zero means. Assume that the
following two moments exist

{ wzéxx(w)dw (D-29)
_(J)‘ wzéyy(w)dw (D-30)

where 3., and & are the power spectra of the two processes. This process may
be viewed as the motion of a point in the x-y plane.

Suppose that a line is given in the x-y plane and that it divides the
plane into two half-planes, one of which contains the origin. If the line goes
through the origin there is some ambiguity; this case is excluded. The problem
is to find the average number of crossings of the point x,y from the half-plane
containing the origin into the other half-plane, per unit of time.

The analogous one~dimensional problem was solved by Rice(D'z) a number
of years ago. Actually, the problem posed above may be reduced to Rice's and
his results can be applied. No well developed procedure was found for



considering the frequency of crossing the multiple boundaries which make up
the constraint envelope. Thus, attention was confined to the crossing of
individual boundaries.

Establishing a Reference

Figure D-3 depicts an x-y domain and a given line in it defined by
two noncoincident points, %3, y1, and Xo5yp. It is desired to establish a
reference line normal to the given line and which also passes through the
origin. This line is assumed to be of length d, and to be displaced from the
x-axis by the angle Y.

It is of importance to define d and © in terms of the coordinates of
the given points. Thus,

x5, - x5,
d = 1 22 271 Yo (-31)
2
(x; - x,) sgn (X,5,- ¥y X,)
sin { = 1 Z 172 2 172 (D-32)
2 2
[(x2 - %)+ (v, - ¥y) ]
(v, - ¥;) sgn (x,y, - ¥.%,)
cos § = —— rz "t2 (D-33)

r 1/2
[(xz - x’ Oy - yl)z]

Applvineg the Level-Crossing Formula

If the random process is at some point x,y, then the projection of
this point onto the normal is given by

z=xcos J+y sin ¥} (D-34)
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FIGURE D-3. DEFINING A DESIRED NORMAL TO A GIVEN
LINE

If z > d, the random process is in the half-plane not containing the origin.
If z <d, it is in the half-plane containing the origin. Accordingly, it is
sufficient to determine the frequency with which the random process

z(t) = x(t) cos ¥ + y(t) sin ¥

D-12

(b-35)

Y
T
;



crosses the level, z = d. This is the one-dimensional prob%8m3§tudied by

Rice. The desired frequency of crossing is given by Bendat and is
) 2
2 d
) { w @zz(w)dw 1/2 - E;—z
=xl & z -
Nd 11'[ 2 e (D-36)
%2

where Gzz is the variance of z and %,,(W) is its spectral 'density. It is
necessary to determine these quantities.

Since x(t) and y(t) are zero-mean stationary random processes, z(t)
will also be stationary, with zero mean. The autocorrelation of z(t) will be:

:pzz('r) =K {z(t) z(t + T)} (D-37)
or

¢EZ(T) = c052¢ E 9x(t) x (t + T)} 4+ sin { cos { [E{x(t) y(t + T)}

(D-38)
+ E {3y x(t-+¢)}] + sin?y B {y(t) y(t + D}
It is observed that (D-38) can be rewritten as
© (1) = cos?y @ (1) + sin ¥ cos ﬂr[qw (t) + o (T)] + sin’y @ (T) (0-39)
zz Xx Xy yx vy

where ¢ _ (T) and ¢ (7T) are the autocorrelations of the processes x(t) and y(t)
XX vy R

and mxy(T) and qsx(T) are the covariances. Multiplying this Equation by

and integrating from w = ~» to W = 4= (Fourier transformation) gives:

@zz(w) = coszw éxx (w) + sin { cos W‘:@xy(w) + @yx(w)J + sinzw ny(w) (D-40)
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It is easily shown that §yx(w) is the complex conjugate of Qxy(w) so that

[@xy(w) + @yx(w)] = 2R {@xy<w)}

where Rg { } means the real part of { }. Therefore, Equation (D-40) can be

rewritten as

2 , { } 2
= w
sz(w) cos ¢ §xx( ) + 2 sin ¢ cos Re @xy(w) + sin” §yy(m)
The variance of z may now be found. It is given by

2 (=2}
9, ~ { sz(w)dw

or, from Equation (D-42), it can be expanded to

«© o ow
2 2 : ., 2
0,” = cos“y £ & (W)dw+ 2 sin § cos § { Re{@xy(w)}dw + sin“y { g, (Wdo

By definition, this is seen to be

2 2 . 2 .2
o, =0, cos T+ Zoxcy o sin § cos ¥ + cy sin"§

Now, the following can also be written:

~ 2 _ 2
i W 8 (w)dw = I, cos { + 2I

sin § cos ¥+ I sinzw

2 3

D-1k

=y

(D-41)

(D-42)

(D-43)

(D-44)

(D-45)

(D-46)



where

I, = ‘c]: wzéxx(w)dw , . (D-47)
> 9

I, = { w Re{éxy(w)} aw , (D-48)

I, = { w2§yy(w)dw (D-49)

Finally, using Equation (D-46), the desired frequency of crossing
given by Equation (D-36) can be expressed as

1
N, =—]|1
d ﬂcz 26,2

2z

2 2 /2 a2
] cos v+ 212 sin § cos ¥ + I3 sin f] exp {- } (D-50)
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